Mathematics

(Chapter - 7) (Integrals) (Exercise 7.1)
(Class - XII)

Find an anti-derivative (or integral) of the following functions by the method of inspection.

Question 1:
s_in 2X
Answer 1:
The anti-derivative of sin 2x is a function of x whose derivative is sin 2x. It is known that,
. _ 1d
E(cos 2x) = —=2sinx = sin 2x = —EE(C{JS 2x)
n2x = = ( L os2 )
sSin2x = — | —=cos 2x
dx 2

. S : : 1
Therefore, the anti-derivative of sin 2x is — > COS 2X

Question 2:
cos3x

Answer 2:
The anti-derivative of cos 3x is a function of x whose derivative is cos 3x.
[t is known that,

H (sin3x) = 3cos3x = COS3aX = EE (sin3x)
ot & o)
5. €08 x_dx 33m X

: = .
Therefore, the anti-derivative of cos3x is Esme.

Question 3:
6,21’

Answer 3:
The anti-derivative of e2x is the function of x whose derivative is e 2.
[t is known that,

d
— (ez:r) — Dp2X

dx
1d
2X — 2x
= e de(e )
d /1
« pl2X — | _ p2X
ke dx(Ze )

. L . 1
Therefore, the anti-derivative of e%* is = e?*.
2

Question 4:
(ax + +b)?

Answer 4:

The anti-derivative of (ax + b)? is the function of x whose derivative is (ax + b)*.
It is known that,

d
a(ax + b)? = 3a(ax + b)?

1 d
= (ax + b)? = (ax + b)3
3adx

dx (31:1 e b)a)

Therefore, the anti-derivative of (ax + b)? is i (ax + b)°.

~ (ax + b)? =




Question 5:
sin2x — 4e3%
Answer 5:

The anti-derivative of sin 2x - 4e3* is the function of x whose derivative is sin 2x - 4e3*,
It is known that,

d ( -1-{305295 — -A-r—e“) = sin2x — 4e3*
dx 2 3

: : s . : 1 4
Therefore, the anti derivative of (sin2x — 4e>*) is (— = cOS2x — :3—.933").

Find the following integrals in Exercise 6 to 20
Question 6:

j(f}EBx + 1)dx
Answer 6:
f(4e3x +1)dx = 4f e3*dx + f 1dx

e3% 4
=4(3 ) o = ) =§e3x+x+C

Question 7:

Answer 7:

J’xz(l—%)dx =J(xz—1)dx
3

X
=_fx2dx—fldx ?—x—I—C

Question 8:
f(axz + bx + ¢)dx
Answer 8:
J(a:!c2 + bx +c)dx = afxzdx+bfxdx+cf 1.dx%

53 ¥ =
ZQ(?)‘FB(—Z—)+CI+C

ax> bx? Sl B
= I CX
3 Z

Question 9:
j(2x2 + e*)dx
Answer 9:

f(sz +eX)dx =2 f xdx + j e*dx

2 (N ex 1 c
= e
3

2
=§x3+ex+£‘




Question 10:

- ,Answer 10:
2

J(\E—%) dx =f(x+%—2)dx

1 x*
=fxdx+f;dx—2f1;dx =7+lag|x|—2x+6

Question 11:

x3 +5x% -4
f 5 dx
X
Answer 11;
x3 +5x%—4
f " dx =f(x+5—4x‘2)dx
: s 4
=fxdx+5f1.dx-—4 — +C =x2+5x+;+C
Question 12:
x34+3x+4
dx
Vx
Answer 12:
x3+3x+4 5 1 ¥
dx =f(x2+3x2+4x 2) dx
Vx
- 3 1
x2 3(x2 o 27 _3 1 271 3
= — + + +C ==-x2+2x2+8x2+C =-x2+2x2+8Vx+C
7 3 1 7 7
2 2 2
Question 13:
X% —x* 4 x—1
f dx
x—1
Answer 13:
x?—x*+x-1
f dx
x—1

On dividing, we obtain

s
=f(x2 + 1)dx =fx2dx fldx =—3—+x-|-C

Question 14:

Answer 14:

f(l — x)Vxdx




Question 15:

fﬁ(?,xz + 2x + 3)dx
Answer 15:
J’ﬁ(sz + 2x + 3)dx
) 3 1 S 3 1
:f(BxZ +2x2+3x2)dx = 3fx2dx+2fx2dx+3jx2dx
7 3 3
x2 x2 x2 6 7 4 5 3
= T + 2 = + 3 ? +C—§x2+§x2+2x2+6‘
2 2 2

Question 16:
f(Zx — 3cosx + e*)dx

Answer 16:

1
f(Zx — 3cosx + e¥)dx =2 f x*dx — 3 J sinxdx + 5 f x2dx

Ve

=t 3(sinx) +e*+C = x?—3sinx +e* +C

Question 17:
f(sz — 3sinx + 5vx)dx

Answer 17:
1
f(sz — 3sinx + Sﬁ)dx = 7 f x°dx — 3 J. sinxdx + 5 f x2dx
3
—2x3 3( )+ 5 X2 +C _ 2 343 +10 ‘3‘+C
=3 COSX 3 —3x COSX 3 X
2

Question 18:

f sec x (secx + tan x)dx
Answer 18:

f secx (secx + tanx)dx = f(seczx + secx tanx)dx

= fseczxdx+fsecxtanxdx =tanx + secx + C

sectx
5 dx
cosec?x

Question 19:

Answer 19:
2 1 .2
J‘ Seccx 7 =fmszxdx =f5m xdx
cosec?x 1 COS?x
sin’x

= j tan‘xdx = f(seczx — 1Ddx = Jseczxdx - f ldx =tanx —x + C




Question 20:

2 — 3sinx
f = dx
COS*X

Answer 20:

2 — 3sinx 2 3sinx
J. dx=f( )dx=stec2xdx—3ftanxsecxdx=2tanx—35&cx+C

COS%x COS°X COS%x

Choose the correct answer in Exercises 21 and 22

Question 21:

The anti-derivative of (\/E s

\&) equals

i 3 1

1 1 3
(A) £ x5+ 2x2 +C (B)= N —x? +C (C)2xz+2x3+C (D)sx2 +=x2 +C

Answer 21:

(ﬁ+%) dx

| A
-

2 2

Hence, the correct answer is C.

Question A4
]f—f(x) =52 ———such that f(2) = 0, then f(x) is

es 353 1, 129 1 129

(A) x* +__T (B) x* '|' ‘|‘_ [C]x4+x?+T [D]x3+x4— 3

Answer 22:

i ; d 3
Itis given that, — f(x) = 4x3 — =
Anti-derivative of 4x> — = = f(x)

3

) = [ 4 Fdx

= 4fx3dx—3f(x‘4) dx

Y .20 N .20 TP SR S
- "\ 3 N it
Also, f(2) =0, - f(2)=(2)‘*+€73—+c—0

=16+-+C =0

1
:>C=—(16+—)

8
129
=C=———0

8
_ 4, 1 129
Pl ~l—x3 —

Hence, the correct answer is A.




Mathematics

(Chapter - 7) (Integrals) (Exercise 7.2)

(Class - XII)
Integrate the functions in Exercises 1 to 37:
Question 1:
2%
1+ x4
Answer 1:

Letl+x2=t =2xdx=dt
2X |
I:f dxzf?dt = log(t) + C = log|1 + x|+ C

1+ x°
Question 2:
(logx)?
X
Answer 2:
1
Let log x =t=>;dx=dt
log x)4 PP log x)?
lzf( 8 ) dx:ftzdt =—+C=( 8%) +C
X 3 X
Question 3:
1
x+xlogx
Answer 3:
1 1

x+xlogx x(1+logx)

1
Llet(1+logx) =t =2 —dx =dt

X
1 1
[' = fx +xlogxdx = j?dt =log(t)+C =log(1+logx)+C
Question 4:

sin x. sin(cos x)

Answer 4:
Let cosx =t =2 —sinxdx = dt

I'= fsinx.sin(cosx)dx = —f sintdt = —[—cost]+ C=cost+ C = cos(cosx) +C

Question 5:
sin(ax + b) cos(ax + b)

Answer 5;:

2sin(ax + b) cos(ax + b) B sin2(ax + b)
/A 2

sin(ax + b) cos(ax + b) =
Let 2(ax+b) =t = 2adx =dt
f sin2(ax + b) 1 f sint dt 1 1

5 dx=§ g :4a[ cost| + C =—E6052(ax b)+ C




Question 6:

vax + b
Answer 6:
1
letax+b=t @2adx =dt = dx=adt
/1
1 1 1 11 t2
I=f(ax-|—b)2dx=—ft2dt= 3 el
a a\ 3
\
2 3
=— (ax+b)2+C
3a
Question 7:
xXvVx + 2
Answer 7:

let x+2=t 2dx=dt @2x=t—2

= [ Ta= [ oniae = [ (-2

2 oAt () 25 43

= t2at — (20 = — — —_— = —f(2 ——=12

f f 5 T WpeesogEs
2

2 5 4 3
:§(x+2)2—§(x+2)2+(?
Question 8:
xy 1+ 2x%
Answer 8:

Let 14+2x°=t = 4xdx =dt

1 11 1
I=fx\/1+2x2dx=zf\/fdt=1fﬁdt

3
t2 1 3
5 |+ C=-(1+2x")7+C

1
3|3
2

Question 9;:

(4x + 2)Vx2 +x + 1
Answer 9;

Let x°4+x+1=t = 2x+1Ddx=dt

I=f(4x+2)\/x2+x-l—1dx=f2ﬁdt

4 3
= f\/fdt= = +C=§(x2+x+1)§+(f




Question 10:

X —Vx

| 1 B 1
x—Vx  Vx(x—1)

Answer 10:

1
Let =1y =1 —dx = dt
e(\/— ) =>2\/_x

=f : dxzfzdt =210g|t|+C=210g|\/¥—1|+C
Vx(Vx — 1) t

Question 11:

- > 0
X
Vx + 4
Answer 11:
Let x+4=t =dx=dt
3 1
sl ft-4dt 2 B lic=l3 _sgac
— N —_ _—— —— P —
vx + 4 vt % 1 3

1 2 1 2 1
=§t.t§—8t§-|—C =§t§(t—12)+C=§(x+4)§(x—|—4—12)+6

2
:§\/(x+4)(x—8)+6

Question 12:

1
(x3-1)3x°
Answer 12:
Letx3 —1=t = 3x%dx = dt

1 %
= j(xg' —1)3 x°dx = f(xB —1)3 x3.x%dx

.
dt 1(¢4 1 1 |t3

ftz(t+1)— §f(t3+t3)dt=§ - +
L3

i 7 1 4
:§(x3—1)3+z(x3—1)3+c

[3? 3 4

1 5 s
+C=—- |-t3+-t3|+
< 3 7t 4t] .

Wl | Ty

Question 13: &3

(2 +3x°)

Answer 13:
Put. 2+3x" =1t

' E*Tlcil“— et
1 ¢ dt
=] =310

7+31

:I 1 +
9 —E:f

18(2+3x%)




Question 14:

— x>0, m#1
x (log x)~

Answer 14:
Putlogx=t

|
co—dx=dt
.

zﬁtlﬁ ] o dt
x(logx* | (©

.l.—m—l
(=) ¢
B (log )™
- (1-m)

Question 15:

+C

X
9 — 4x?

Answer 15:

Let'9 —4x% = = —8x = dt

-1
8

f—f Y ax=—[2at =—tiogltl +C =
—lg—ar g )™ " g ¥ -

Question 16:

ZX+3

Answer 16:
Let2x+3 =t =2dx=dt

1 1 1
] = f g2ty = Ef etdt = E(et) +C = 59(2“3) +C

Question 17:

X
e?
Answer 17:
Let x! =t =2xdx=dt
TN FLIPOI PP L, IR
- e-"-’zx_Z et 2\-—-1/
1 _xz _1 |
——EE +C—2€lec
Question 18:
etan‘lx
1+ x?
Answer 18:
1
Let tan 'x =t = ~dx = dt
+X

etan‘lx B
I=f dx=]e%t=e“+€=em1x+6
1+ x2

log|9 — 4x*| + C




Question 19:

e — 1
e?* 41
Answer 19:
e?* — 1
e?* + 1
Dividing numerator and denominator by e*, we obtain
(621’ _ 1) 3 .
ex _ g — £
(e2*+1) e*+e*

Let e*+e ™ =t = (e* —e™M)dx = dt

e’* —1 eX —eg™* dt
I=J dx=J dx=f?=log|t|-|—C=lUg|ex+€*x|+C

elX +1 eX +e~X
Question 20:
sz _E—Zx
sz 3 e—Zx
Answer 20:
Lete®* + g% =t =[2e¥ - 2" dx=dt = (e —eP)dy =t
geX — g% at 11 1 1 e o
I=J82x+€_2xd1’= §=§f?dt=ilog\t|+(:=§log\e +e |+ C
Question 21:
tan’(2x — 3)

Answer 21:
tan‘(2x —3) = sec’(2x—3) -1
Let2x — 3=t = 2dx =dt

['= f tan’(2x — 3)dx = f [sec?(2x —3) —1]dx = %f(seczt)dt — f 1dx

1 1
=Etant—x+ o =§tan(2x— 3)—x+C
Question 22:
sec?(7 — 4x)
Answer 22:

let7—4x =t = —-4dx =dt

-1
[= f sec?(7 — 4x)dx = Tf sect dt
!
= T(tan C)+0

-1
= Ttan(? —4x)+ C




Question 23:

sin~1x
V1 — x?2
Answer 23:
Let sin"lx=t = dx = dt
V1 — x2
sin"lx t2 (sin~1x)?
] = dxzftdt =—+4+( = +C
V1 — x? 2 2
Question 24:
2C0SXx —3sinx
6cosx +4sinx
Answer 24:

2cosx —3sinx 2cosx —3sinx

6cosx + 4sinx 2(3 cos x + 2 sin x)

Let (3cosx+2sinx) =t = (—3sinx + 2cosx)dx = dt

P Zcosx—Bsinxd B dt 1J’1dt_1l .,
_f6c05x+4sinx ol A ZJ € _20‘9

1
— E[ogB cosx + 2sinx)| + C

Question 25:
1

cos?x(1 —tanx)?

Answer 25:
1 sectx

cos®x(1 — tan x)? N (1 —tan x)?

Let (1—tanx) =t = —sec®x dx = dt

1
o~ ?'l- L

] = d = —
(1 —tanx)? * #

1
= +C
1—tanx

sec®x —dt J‘

Question 26:
cos Vx

Answer 26:

1
Let vx=t =2>——2dx=dt
€ '\/E zﬁx

X
= dx=2fcostdt = 2sint+C = 2sinvVx +C




Question 27:

Vsin 2x cos 2x
Answer 27:

Let sin2x =t = cos2xdx = dt

3
2

I f\/'z 1ffd (! +C 1E+c 1(' 2 )§+c
—_— = — — = —7r2 = — |
Smxz ttzE 3t BSIHI
2
Question 28:
COS X
V1 + sinx
Answer 28:
Let 1+sinx =t =cosxdx =dt
g 1
COS X t  t2
[ = dx = | —==—=—+C=2Vt+C =2Vl +sinx+C
V1 + sinx Vit %
Question 29:
cot x log sin x
Answer 29:
1
Let logsinx =t = ——.cosxdx=dt = cotxdx = dt
sin x
. g (log sin x)*
!=fcotx10gs1nxdx=ftdt=E+C= > +E€
Question 30:
sin x
1+ cosx
Answer 30:

Let 1+cosx=t= —sinxdx = dt

sin x dt
=f dx=f—?=—log\t|+(;'=—log\1+c05x\+(}

Question 31:

sin x
(A.’l_++r:4:rs:r¢:)2
Answer 31:
Let 1+cosx=t = —sinxdx=dt

I_J’ sin x f at [tzdt
(1+ (:os;lr)2 t2

N, +C
t 1-I-cosx




Question 32:

1
1+ cotx
Answer 32:
]_f 1 q _f 1 P _f sinx q _1] 2sin x q
~ ) 1+cotx y o fu it * = ) sinx+cosx 2) sinx +cosx

Sinx

sinx +cosx) + (sinx — cosx 1 Sin X — COS X
= ( : ) )d fld 4 = _( )dx
2 sinx + cos x 2 2

sih x 4+ cos x

(sinx — cosx)

—x + d
(x) 2] sinx 4+ cosx "

Letsinx + cosx =t = (cosx —sinx) dx = dt
P 2 it 4 o=~ Liogising + cosx| + €
372) £ 2 71 & 2 2%
Question 33:
i
1 —tanx
Answer 33:
1 1 COS X COS X
sz dxzf —dx =f . f dx
1 —tanx 1 Sin x cosx—smx 2 COSX — Sinx
COS X
lf (cosx —sinx) + (cosx + sin x)
= — : dx
2 (cosx —sinx)
1 (sinx + cos x)
fldx+ dx
~ ) (cosx — sinx )
1( J_I_1J‘cos::f:+5'1:trls::cd
=—(x) 4+ — X
2 2) cosx —siny
Let cosx —sinx =t = (—sinx —cosx)dx = dt
le—dtxll‘ .
— i _— = 0g8|CoSx —SIn x
272t T2727%
Question 34:
vtanx
SIn X COS X
Answer 34:
vtan x vtanx X cosXx vianx sec’x
[=J, dxzf, dxzj 2dxz dx
sin x cos x Sin X COS X X COS X tan xcos<“x Vtan x

Let tanx—t = sec’xd = dt

I = \/_—Zx/f+C 2v/tanx + C




Question 35:
(1+ logx)*

Answer 35:

1
Let (14+1logx) =t = ;dx = dt

1+1 2 (2
I=J( ;gx) dx=[t2dt=—+c

3
_ (1 +1logx)*
= : |
Question 36:
(x + 1)(x + log x)?
X
Answer 36:

(x + D(x+logx)* (x+1)

1
(x + logx)* = (1 + —) (x + log x)?
X X X

1
Let (x +logx) =t i.e. (1 +;)dx = dt

1
I:J(l +;) (x +log x)?dx =Jt2dt

t2 (x +log x)?
=— 4 ( = (.
3 T 3 ¥

Question 37:
Xasinltan %"

1+ x8
Answer 37:

Let x* =t
=  4x3dx = dt

. J’xBSin(tan‘lx4) 1 f sin(tan™'t)

1+ x8 dx:Z & e

Let tan~ it =u

1
=
1+ t-

From (1), we obtain

. (1)

dt = du

] foSin(tan”lx"') . 1[ - 1 L
= x =—| sinudu =—-(—cosu
1 4 xB 4 4( )

—] —1
=Tcas(mn”1t) G =Tcos(tan“1x‘*) C




Choose the correct answer in Exercises 38 and 39.
Question 38:

10x” + 10*log,10
f dx equals

xte + 10%
(A) 10* —x1% + C (B) 10* +x'° + C

(C) (10" = x) '+ C (D) log(10* + x*%) + C
Answer 38:
Let x1°+10* =t

= (10x° + 10*log,10)dx = dt

~ [10x” +10%log,10 ~ [dt
[—jwd?ﬂ— ?—logt+C

=log(10* + x*°) + C

Hence, the correct answer is (D).

Question 39:
f ax |
sin?x cosx 4B
(A) tanx + cotx + C (B) tanx — cotx + C
(C) tanx cotx + C (D) tanx cot2x + C
Answer 39:

| f dx
| sin?x cos?x

1
P m— dx
SINéx Cos4x

f sin? X + CcoS x
Sin?x cos?x

sin®x COS%x
—— dx + | ——————— = - dx
sin?x cos?x sin’x cos?x

fsec xdx+fcaseczx dx

dx

tanx —cotx+ C

Hence, the correct answer is (B).




Mathematics

(Chapter - 7) (Integrals) (Exercise 7.3)
(Class - XII)

Find the integrals of the functions in Exercises 1 to 22:
Question 1:
sin“(2x + 5)
Answer 1:
1 —cos2(2x+5) 1—cos(4x+10) J

2 2

sin®(2x + 5) = X

1—cos(4x + 10)
2

i 1
| = fsin2(2x+5)dx =f dx=—2—f1dx—5fcos(4x+10)dx

1 1 (sin(4x 7+ 10))
2% 3 4

1 1
| C=2x 851n(4x+10)+€

Question 2:
sin 3x .cos 4x

Answer 2:

1
[t is known that, sinA cos B = 3 {sin(A + B) + sin(A — B)}

1
I'= f sin 3x .cos 4x dx = > f {sin(3x + 4x) + sin(3x — 4x)}dx

1 1 1 1
= — {sin7x + sin(—x)}dx = > {sin7x —sinx}dx = —f sin 7x dx ——f sinx dx

2 Z 2
1(—(:0573::) 11 e
=3 . 2( COS X)
cos /x cosx ;
T 14 2
Question 3:
COS 2X C0S 4x cos bx
Answer 3:

1
[t is known that, cos A cos B = 5 {cos(A + B) + cos(4 — B)}

1
I = f cos 2x (cos4xcosb6x)dx = f COS 2X [E{COSZX(% + 6x) + cos(4x — 6x)}| dx

1

=3 J{cos 2xcos 10x + cos 2x cos(—2x) }dx

1
=z J{cos 2xcos 10x + cos“2x}dx

1

= —f E {cos(2x + 10x) + cos(2x — 10x)} + {

2

1 4+ cos 4x
Lt costrl

2

1
= Ef(cos 12x + cos8x + 1 + cos4x) dx

1 sinl2x sin8x Sin4x




Question 4:
sin®(2x + 1)
Answer 4:

| = f sin®(2x + 1) dx = fsin3(2x + 1) dx = jsinz(Zx +1).sin(2x + 1)dx

= f {1 —cos*(2x + 1)}.sin(2x + 1)dx

—dt

Let cos(2x+1)=t = -2sin(2x+1)dx=dt =sin(2x+ 1)dx = T

B f(l tz)dt—_l l: e +C—_1 N cos(2x + 1)° P

= > 3 gar- cos(2x +1) 3
_cos(2x+1) cos(2x+1)° ,
- . | ; |
Question 5:

sin3xcos’x
Answer 5;

Let [ = fsingxcos3x dx = fcos3x,sin2x sinxx dx = fcos%(l — ¢05°x).sin x dx

let cosx =t = -—sinx.dx =dt

I=—ft3(1—t2)dt =—f(t3—t5)dt = {;—%}

cos*x cos®x . cos*x r:ose'x
B 4 6 4 6
Question 6:
sin x sin 2x sin 3x
Answer 6:

1
[tis known that sinAsinB = 5 {cos(A — B) — cos(A + B)}

1
I = f sin x sin 2x sin 3x dx = f [sin x.E{cos(Zx —3x) —cos(2x + 3x)}| dx

=3 f[sinx cos(—x) — sinx cos 5x}dx = Ef{sinx coS X — Sin x cos 5x} dx

1 {sin2x 1 | l1r—cos2x1 1 1
x—z JsmxcosSx dx :4[ > ] ZJ {Esm(x+5x)+sin(x—5x)}dx

2 2
—cos2x 1 _ . —cos2X 1 [—cos 6x cos4x
=—3 4] {sin 6x + sin(—4x)}dx = 5 3 [ ” ] + G
—cos2x 1[—cosb6bx cosdx
-8 8 [ 3 2 ] "C
1rcosbx cos4x
= 5 [ . > COS Zx] ik




Question 7:
Sin 4x sin 8x

Answer 7:

1
Itis known that sinAsinB = > {cos(A — B) — cos(A + B)}

1
J = f sin4x sin 8x dx = fz{cos(4x — 8x) — cos(4x +8x)}dx

1f[ 4 12 d 1f L 175 1d 1 [sin4x Sin12x]+c
— _ _4x) — = — — COS X =
> (cos(—4x) —cos12x )| dx > (cos 4x x ) AR T
Question 8:
1 —cosx
1+ cosx
Answer 8:
2 X
1—cosx 2sin ] X
7 = tan’ == sec’ - — 1
1+cosx ZCOSZZ 2 2
C X
= [ g [ et~ = | 221 0 m2ean
= B pr— X = sec 5 X = 1 = anz-l-
2
Question 9:
COS X
1+ cosx
Answer 9:
2 X 2 X
COS X coS 2 — Sin 2 1 Zx
= - —’1—tan —]
1+ cosx zcgszi 2
COS X 1 1 X
= — — - — — 2
| f1+cosxdx 2[(1 tan® )dx 2(1 sec 2+1)dx
%
_(2-secD)dx =% [ax- 2|+ c=x—tanZ+e
=3 secz x—z X T =X anz
2
Question 10:
sin*x
Answer 10:
. Y 1—cos2x\ /1 —cos2x 1 ; 1 5
SIN*X = sin“x.sin“x =( ; )( > )=Z[1—0052x) =— |14 cos“2x — 2 cos 2x]
1[1+(1+C054x) 2 2] 1ll+1+1 4x — 2 2] l 4= cosdx — 2 2]
— = S4a4X — =
1 > COS 2x Z ; 2(:0 COS 2X ; cos 4x COS :r.
I‘f 4 _1J'[3+1 do — 9 Z]d 3 [ i (sm4x) 251n2x]+c
= smxx-—4 zzcosx COS 2X x—-422 1 :
1[3 O e i L8 = et g 4 B
o X 1 sin 2x =3 4sm X 325111 %




Question 11:

cos*2x
Answer 11:
1 4+ cos4x\* 1
cos*2x =  (cos?2x)? =( : ) =1[1+60524x+2c054x]
—1[1+(1+0058x) - 2cos 4 ]—1[1 =+~ cos By + 2 cos 4 —1[3+1 8x + 2 cos 4
=1 > .cosx—4 .z.zcosx cosx—422cosx cos 4x
I_J 49y _J‘[3+c058x+c054x]d -3 +sin8x+sin4x+C
B e I PR 2 1978 T Tes "8
Question 12:
sin’x
1+ cosx
Answer 12:
2
e . (ZSI:H%.CGS%) 45.{?12%,(:052% X
= > = = = 285in°*==1—cosx
1+ cosx 260525 20052 5 2
sin®x ,
I:f d:x:f(l—cosx)dx:x—smx+c
1+ cosx
Question 13:
COS 2X — cos 2a
COSX — COS
Answer 13:
. 2x+2a . 2x —2a
cos2x — cos2a —2SIN———sin—s C+D C-D
o r —cosa > E8  *—8 [cosC—cosD-——Zsm : sin :

—2sin 5 Sin—
sin(x + a)sin(x — a)

sin (X5%) .sin (£5%)
[2sin(55) cos (55| [2sin (F75) -cos ()]
sin (x er a) .sin (x E a)

=4cos(x;a)cos(x;a)

_2[ (x+alx—a)l (x+tx x—rx)]
= COS > T F COS ) 5

= 2[cos(x) + cosa| = 2cosx + 2 cosa

]_J'COSZJL'—COSZGL’

dx = J(Z cosx + 2cosa)dx
COS X — COS &

=2 |sinx+xcosal+C




Question 14:

COSX —SInx
1+ sin2x

Answer 14:
COSX —SInx COSX —SInx COSX —SInx

1 + sin 2x (sin®x + cos®x) + 2sinxcosx  (sinx + cosx)?

[since sin’x + cos®x = 1and sin2x = 2 sin x cos x|
J‘{:sz—sinxd COSX — Sinx ’
= , X = _ X
1 + sin 2x (sin x + cos x)?

Let sinx+cosx =t = (cosx —sinx) dx = dt

dt . . 1 1
= —Z:ft dt=—t"+C=——+C=—— +C
t t SIn X + COS X
Question 15:

tan>2x. sec 2x
Answer 15:
tan32x sec 2x = tan®2x tan 2x sec2x = (sec?2x — 1) tan 2x sec 2x

= sec?2x.tan 2x sec 2x — tan 2x sec 2x

| = ] tan’2x.sec2x dx = f tan®2x tan 2x sec 2x dx — f tan 2x sec2x dx

Sec 2x

:ftanZthan 2x sec2x dx — ; + C
Let sec2x =t = 2sec2xtan 2x dx = dt
f_ff 1 g IJ‘ 2 3y sec2x+c_t3 sec2x C_(sech)3 sec2x -

= anx.secxx-z : =7 ;T l= ” 5
Question 16:

tan*x
Answer 16:

tan*x = tan®x tan’x = (sec®x — 1) tan’x = sec’x.tan’x — tan’x
= sec’x.tan’x — (sec’x — 1) = sec?x.tan’x — sec?x + 1

| = f tan*xdx = fsech. tan’x dx — f sec’x dx + f 1dx

— f sec’x.tan*xdx —tanx +x+C  ..(1)

Let [, = Jseczx. tan®x dx

Lettanx =t = secixdx = dt

2 t3  tan’x
I = | see®i.tan s dx = | t5dt= ==

From equation (1), we obtain

1
[ =ftan4x dx =§mn3x—tanx +x+C




Question 17: shiid v oned e

ﬁ

- g 2
SIn XCOS X

Answer 17:
3

sin®x + cos3x sin’x cos3x sinx  COSX

- > :ﬁ'Fﬁ:_zﬁ'#:tE!IlISECI‘l‘CDtICGSECI
SIN°“X.C05°X SIN“X.CoS*X SIN“X.CO05°X cos=x Sin*X

f sindx + cos3x

— —dx = f(tanxsecx + cotx cosec x)dx = secx —cosecx + C
sin%x.cos?x

Question 18:
cos 2x + 2sin’x

COS%x
Answer 18:
cos 2x + 2sin“x  cos 2x + (1 — cos 2x) 1 5
5 = : = — = Sec”x
COS*X COS*X COS*X
cos2x + 2sin‘x ,

] = 5 dx = | sec*xdx =tanx+C

COS“Xx
Question 19:

1
sin x cos3x
Answer 19:
1 sin’x + cos®’x  sinx 1 , COS°X
. Il o — o =tanx sec’x +—=
SINX CcOS>°Xx SIN X COS°X COS°X SINXCoSX (51111' COS I)
COS%X

. sec’x

= tan x sec”x 4
tan x

1 . sectx

| = : : dx = | tanx secx dx + dx
sinx cos3x tan x

Lettanx =t = secxdx = dt

f‘f 1 d—ftdr fldt—tzlltl C—lt2 log|tan x| + C
) sinx cos3x * = t 2 08 =5 tan”x + log|tan x

Question 20:

COS 2X
(cosx + sinx)?
Answer 20:
COS 2X B COS 2X . COSZx
(cosx +sinx)?2  cos?x + sin?x + 2sinxcosx 1+ sin 2x
coS 2Xx COS 2X
r= (cosx + sin x)* ax = fl + sin 2x ax

Let (1+sin2x)=t = 2cos2xdxdt




[ = S — —1fldt—1l t]+C
) (cosx + sin x)2 * =)t T2

1
2

—
—

1
log|1 +sin2x| + C = Elogl (cosx +sinx)*| + C = log| cosx + sinx| + C

Question 21.:
sin~*(cos x)

Answer 21:
2
I = fsin‘l(cosx) iz = f sin~1(sin {g — x}) dx = f {g — x} ax = gx xz - C
Question 22:
1
cos(x — a) cos(x — b)
Answer 22:
1 B 1 | sin(a — b)
cos(x —a) cos(x —b) sin(x —a) cos(x —a)cos(x —b)
B 1 sin{ (x —b) - (x—a)}
- sin(x —a) | cos(x —a)cos(x —b)
B 1 sin(x — b) cos(x — a) — cos(x — b) sin(x — a)
sin(x —a) | cos(x — a) cos(x — b)
1
= m [tan(x — b) — tan(x — a)]
1 1
L= f cos(x —a) cos(x — b) e = sin(x — a) J anlx —b) —tanlx — a)ldx
B 1 ) ; ) B : cos(x —a) 5
~ sin(x — a) [=logleos(x = b)| + loglcos(x —a)l] = sin(x — a) [ o cos(x — b) ] *

Choose the correct answer in Exercises 23 and 24.

Question 23:
sin’x — cos’x |
f —————dx isequalto
SIn“cos“x
(A)tanx +cotx+ C (B) tanx + cosecx + C
(C)— tanx + cotx + C (D)tanx +secx +C
Answer 23:
sin®x — cos?x
= f ———a——ilX
Sin“cos*x
2 2
sin“x COS“X
= j : _ dx = [(seczx — cosec®x)dx =tanx +cotx + C
sin“cos?x  sin%cos?x

Hence, the correct answer is (A).




Question 24:

J- e (1 +.1') &

cos” (e“x)

equals
(4) —cot(ex")+C (B) tan(xe")+C
(C) tan(e")+C (D) cot(e“)+C

Answer 24:

j e* (1+x)

. dx
- X
COS (e J:]

Put, e x=1
= (E’TI +e”.] )u:ix =df
e (x+1)dxy =di

I e (1+x) bf:_[ (i

o :
COS (E _::] cos’ t

= I sec” 1dt

=tant+(C
= tan (EII) =
Thus. the correct answer 1s B.




Mathematics

(Chapter - 7) (Integrals) (Exercise 7.4)
(Class - XII)

Integrate the functions in Exercises 1 to 23.

Question 1:
3x*
x% +1
Answer 1:
Let x3 =
= 3x?dx = dt
3 x4 dt
— _ — 2 | — — 13
I—f x5+1dx_ft2—l—1_mn t+C=tan *(x°)+C
Question2:
1
V1 4 4x2
Answer 2:

Let2x =t = 2dx =dt

1 1 1 1
1=J —dr = Ef\fl_l_tzdt: E[log‘t+\/t2+1u+6

= % [log‘Zx +/4x2 + 1“ +C [Sincefvle_l_ = df = log‘x 422 4 azu

Question 3:
1

JZ-x)2+1

Answer 3:
letZ—x =t = —dx=dt

1 |
I=J. dxz—f dt:—log‘t+\/t2+1‘+(3
J2=-x)?2+1 Vt2 + 1
1 |
(2—x)+VxZ —4x+5

PG

= —10g|2—x-|-\/(2—x)2-l-1|+6 = log

Question 4:

V9 — 25x2
Answer 4.
Let Sx =t

= bdx = df

=[x =
—r X = — ——
V9 — 25x2 5J V9 — t2 5J V32 — ¢2

_1 __l(t)_l_c_l "l(sx)+C
—55m 3 —Ssm 3




Question 5:
3x

1+ 2x%

Answer 5:
Letv2x2 =t = 2V2xdx =dt

3x 2 2
[ = tan~t] + C = tan (V2 x%)| + C
[t o [T = gl 6 = g 5lan (V2 0)] 4

Question 6:

1— x6
Answer 6:
Let x3 =t = 3tédx =dt

’"'f i ; _1J' dt [ |1+t”+c 1l 14+ x° st
=T T3 1oz 3078 — 6 B|1_ 3
Question 7:

x —1

Vx2 —1
Answer 7:

x—1

[ = d—fxd—fld (1)
) Vxz =1 "7 \/xz—lx \/xz—lx

X
Forf dx let x?—1=t
vx2 —1

= 2xdx=dL

dt 1[ 1 11 1
dx = t2dt == [2t2| =Vt =x2-1
\/x2—1 J_ 2 2 |

From equation (1), we obtain

= 1 dx=f - dx—f ! dx=\/x2—1—]0g|x+\/xz—1‘+(?
Vx2 —1 Va2 =1 Vx2 =1
Question 8:
-
Vx6 4 ab

Answer 8:
Let x° =t
= 3xdx = dt

X
d | fw/xﬁ -I-aﬁdx zgf\/tz + (a3)°

=%10g‘t+Jt2 +(a3)2‘+6=%10g‘x3 +\/x5+a6| + C




Question 9:
2

SEC X
Vtanlx + 4
Answer 9:
Let tanx =t = sec’xdx =dt
sectx dt . ,
] = xfmnzx+4dx= \jtz,l_22=lﬂg‘t+\/t3+23‘+C=]ng]mn+\/tan2x+4‘+6
Question 10; l
\/1:+31+2
Answer 10:
] ]
j H’I:J- : dx
Jxt +2x+2 Jx+1) +(1)
Let x+1=1
sodx =dl
= | = ] dx = | L
\fx”+lr+2 Vi +]
=Ingf+-\f.f3+l|{"
:Iug{x+]]+\{{x+l]:+l+('
:Iﬂg[.T+l]+wff+lr+2|+f’
Question 11:
1
Ox?¢ +6x+5

Answer 11:

1 1
I_f9x2+6x+5dx_f(3x+1)2+22
Let Bx+1)=t = 3dx=dt

I—f - d —lj - dt—l[lt '1(t)]+()—1t ‘1(t)+c
B+ 22 T3 22 T332 (2 B g
Question 12:
1
V7 — 6x — x?
Answer 12:
Here, 7—-6x—x*=7—-(x*+6x+9-9)=7—(x*+6x+9—9)
=16 —(x*+6x+9)=16—(x+ 3)* = (4)* — (x + 3)*
: d - d
= X = X
V7 — 6x — x? J(4)% — (x + 3)2
Let x4+ 3=
=5 dx =t
1 1 ot /x+3
= dx = dt:sml(—)+(fzsm1( )+C
J(@)? — (x +3)? J(@)2 — (£)? + 4




Question 13:

1
V-1 -2)
Answer 13:
(x — 1)(x — 2) can be writtenas x% — 3x + 2
Thereforex2—3x+2:x2—3x+§-§+2
Y 1 3\% /1\°
=g -5 ) g
1
:f ~ 1 de
J6-3"-6)
3
Let x_EZt
= dr=adt

112
2dt:log t + (t)z—(g) + C =log

150 ’*

Question 14:

3
(x-§)+Jx2—3x+2|+C

1
V8 + 3x — x?
Answer 14:
9 9
8+ 3x — x* canbe writtenas 8 — (x2—3x+4 4)
—_—_— " (2 N +9 9)_41 ( 3)2
erefore X X 4 4] 4 * 2
1 1
7 e dx:f dx
V8 + 3x — x2 41 3\’
\JT_(X_ﬁ)
3
Let x—-z*—t = dx =dt
1 1
= !=f 2 dx=f -
1 3 :
VT (x-3) (—@) ¥
\
3
nt| —— ¢ =sint [ Z=2 |+ ¢ '_1(21:_3)“:
= Sin FL = Ssin = Sin
Vit Vi vl




Question 15:

1
v (x—a)(x —b)
Answer 15:
(x —a)(x —b) canbe writtenas x?— (x — b)x + ab
+ b)* + b)~
Therefore x%—(x—b)x+ ab = x* —(:lic—b):rc:+(‘:1 F + ab

4 4

"f\/md’f‘fm
Let x (a-l-b):t = dx = dt
fm

{x—( 5 )}+\/(x—a)(x—b)‘+()

(a + b)] (a+ b)2

dx =

_f x— a-l—b] _(a—l—b)2

a + b\°
= log |t + tz—( ) + C = log
\ 2

Question 16:
4x + 1

V2x2 + x — 3

Answer 16:

d
Let 4x + 1 =Aa(2x2+x—3)+B >4x+1 =A(4x+1)+B =24x+1 =4Ax+A+B

Equating the coefficients of x and constant term on both sides, we obtain

41A=4 =A=1 and A+B=1 =>B=0
Let 2x*+x—-3=t = (4x+ Ddx=dt
dx + 1 1
I = dx=J’—dt=2\/f+C=2\/2x2—l-x—3+C
V2x2 +x — 3 Vit
Question 17:
X + 2
x%—1
Answer 17:
d
Let x+2:Aa(x2-1)+B s L1

>x+2=A402x)+8B

Equating the coefficients of x and constant term on both sides, we obtain




1
2A=1 =>A:2—

From (1), we obtain: (x + 2) = %(2%) +- 2

1
Then, [ 2 gp = (2002 1@, +f ‘i .(2)
en, ¥ = X =— X X ..
Vx2—1 VxZ —1 2) \Jx2 -1 VxZ—1
1 (2x)
In —f dx, let x*— 1=t = 2xdx=dt
2 ) \x2—-1
1 (), lfde 1. . - —
So, > \/xz—ldx_zj\/f Z[ZH—\/E—Jx 1

2 1
andf dx:2j dx = 2log x+\/x2—1

From equation (2), we obtain

[ = e dx =+ x? =1+ 2log ‘x+1/x2—1‘+6‘

Vx2 —1

Question 18:
5x — 2

1+ 2x + 3x°

Answer 18:

)
Let5x—2=ffla (142x+3x2)+B =5x—-2=A4AQ2+6x)+8B

Equating the coefficient of x and constant term on both sides, we have

5 11
5=6A :>A:E and 2A+ B =-2 :>B=—?

$ 11
Therefore, 5x — 2 = E (2 4+6x)4 (— ?)

.-.1=f 5x — 2 fg(Z 6x) + (— )

dx = d
1+ 2x + 322 1+2x +3x2 &
5 [ (24 6x) 11 1
=—f dx — — dx
6) 1+ 2x + 3x° 3 J 14 2x+43x°
(2 4+ 6x) f 1
Letl, = d Ly &= d
-t f1+2x+3x2 a : 1+2x +3x2
L Y S A v 8 .
T T 2x+3x2 61 3 2 ey
Let 1+2x+3x*=t = (2+6x)dx=dt
dt
I, = | —=log|lt] =1, =log|l+2x+3x* ..(2)

¢

1
IE_J‘1+2x+3x2dx




14 2x + 3x° can be writtenas 1 + 3 (

2
Therefore, 1+3 (x2 + ¥

+11
9 49

12
=3|(x+3)
[x+3
:Jc+l

3
V2

3

2
)=1-|—3(x2-|—§x

(++3)

1

1\ 3

(x+3) +(§)2‘ h

Substituting the values from (2) and (3) in equation (1), we have

)

.2
9

1

12 2
:1+3(X+§) =

—2+3
3

1
3

1 3

—

3112

1
—tan
V2
. 3

(3 +(5)

[— tan

3x +1

2
x2+§x

)

2-

1

C g

*I—J X~ 2 d —5[1 11+ 2x + 3x#|] 11[115 ”"1(
T ) 14232 oS ol 3 Iz

log|1 + 2x + 3x°| 11t ‘1(3x+1)+c
=—10 X X an

6 ° 3V2 V2
Question 19:

6x + 7/
Jx—5)(x—4)

Answer 19:

6x +7 6x + 7

J|+c

V2

Jx=5)(x —4) _\/x2—9x+20

Let 6x+7:A%(x2—9x+20)+B > 6x+7=A4A2x-9)+ B
Equating the coefficients of x and constant term, we have
2A=6=>A=3 -9A+B=7=>B=34
~bx+7=3(2x-9)+ 34

and

l f 6x + 7 3(2:{—9)+34d
e | — = X
vx% — 9x + 20 vx2 —9x + 20
2x — 9 1
=3f dx+34f dx
Vx2 — 9x + 20 Vx2 —9x + 20
Let | f ® N and ] f : d
€ — X dll — X
© ) VX =9x + 20 > ) VT —9x + 20
- X _3p 4340 (1)
Vx2 — 9x + 20 : 2
™ ] f X — 3
eIl, =
F ) VxZ —9x + 20

Let x°—=9x +20=t = (2x —9)dx = dt

dx

3x +1

|

V2




[, = f—dt = 2t = 2/x2 — 9x + 20 (2

1
and | =f dx
: Vx2 —9x + 20

| 81 81
x% — 9x + 20 can be written as x% —9x + 20 + R
—— T 81 81 ( 9)2 1 ( 9)2 (1)2

, — 9x + 20 - =(x—=) —==(x—2) - (5
erefore X yR X > r X ; >

I, = (x 9) - /%2 —9x+20| .. (3)

dx = log

f S -

Substituting equations (2) and (3) in (1), we have

6x + 7
& = dx = 3 (2y/x? — 9x + 20| + 34 log

Vx2 —9x + 20

9
(x—E)+y/x2—9x+20|+C

=6[\/x2—9x+20]+34log (x Z) | \/x3—9x+20|+6

Question 20:
x+2

Vix — x2

Answer 20:
d
Letx + 2 = A—(4x x)+B =x+2=A4-2x)+B
Equating the coefﬁments of x and constant term on both sides, we have

1
—2A =1 :>A:—§ and 4A+B=2 =>B=4

1
Therefore, (x +2) = —3 (4—2x) + 4

- x+2 P —%(4—2x)+4dx=_l (4 — 2x) x+4] &
Vax — x2 Vix — x2 2) \4x — x? Vax — xZ
LEt [1= (4_2x)dx and ]2=] . dx =?1=f x+2 d?f:_lll‘l“"l‘lg ...(1)
Vax — x2 Vix — x2 Vix — x2 2
Then [} = Sl Zx)
Vix — x?

Let 4x —x“ =t = (4-2x)dx=dt

I, = ( = 2\t = 24/4x — x? . (2)




dx = sin™! (x _ 2) 5 ()

sz@P—(x—mz 2

Using equations (2) and (3) in (1), we obtain

x+ 2 1 X — 2 i 2
= T xz——E(Zx/4x—x2)+4sin‘1( 5 )+C=—\/4x—x2+45in‘1( > )+C
Question 21:

X+ 2
Va2 4+ 2x + 3
Answer 21:
) x4 2 P 1 2(x + 2) 1 2x + 4 ;
o Y= X
Vxé+2x + 3 Vx2+2x+ vxé+2x+3
1 2xX+2 e + j q 1 2% 4 2 d"‘f P
— X = X = — X X
V2 4+ 2x + 3 2 \/x2+2x+3 2) \x2 +2x + 3 Va2 + 2x + 3
Let | SHL hand L f
e — X an =
1 Nx=+22 43 Y= + 243
| f BEA s b
= § = X = —
Vil+2x+3 2 °
2X + 2
Now, I, = ax
Vx2 + 2x + 3

Let x> +2x+3=t
= (2x + 2)dx = dt

dt
[, = \/_—2\/_—2\/x2+2x+3 (2

dx

’ — f

= (x + 1)° +(@2
1

So, L= [—dx = log ‘(x+ 1) +/x2 + 2x + 3" il D)
e+ 12+ (2

Using equations (2) and (3) in (1), we have

x 4+ 2
1= r
\/x2+2x+3

=E[2\/x2—l—2x+3]+log[(x+ 1)+\/x2+2x+3‘—l-(?

:\/xz+2x+3+Iog[(x+1)+\/x2+2x+3]+(,‘




Question 22:
¥43

x¢—2x—05

Answer 22:

d
Let (x+3)=Aa(x2—2x—5)—l-B > (x+3)=42x—-2)+8B

Equating the coefficients of x and constant term on both sides, we obtain

1
24 =1 :>A:§ and —2A4+B=3 =>B=4

1
Therefore, (x+3) = 7 2x—2)+4

1
X+ 3 E(Zx—2)+4 1 2x — 2 1
I=f d -J dx —f 5dx+f dx

x2—2x—75 *= x¢—2x -5 2 ) xt —2x — x2 —2x—75
Let 11:J. dnd. dx and Izzf x ax
x2—-2x -5 x2 —2x —5
:*»sz i dx=111+4[2 i k)
xt —2x—05 2

I_J 2x — 2 ]
1= )2 —2x—5
Let x*—2x—-5=t = 2x-2)dx=dt

dt
= JT = log |t| = log|x* —2x—5] ..(2)

1 1 1
o [ [
“ X2 —2x—-5 (x2=2x+1)—6 (x—1)2+(\/3)2

1 x—l—\/g
=—10g( ) i (3)
2V6 x—14+46
Substituting (2) and (3) in (1), we have
x+ 3 1 4 x—1—-+6
sz dx = —log|x* — 2x — 5] 1 lo + G
x?—2x =35 2 8 | W6 "lx—1+6
1 2 |x—-1-+6
= —log|x? — 2x = 5| + =lo - C
2 R ]
Question 23:
5x + 3
Vx? + 4x + 10
Answer 23:

d
Let 5x+3=Aa(x2+4x+10)+B =>5x+3=A2x+4)+B




Equating the coefficients of x and constant term, we have

5
2A =5 ==>A=E and 4A+B=3 =B=-7
5
Therefore, 5x+3=§(2x+4)—7
5
3 §(2x+4)—7 2x + 4
sz dx = dx—7f——dx
Vx2 + 4x + 10 \/x2+4x+10 \/x +4x + 10 Vx2 + 4x + 10
Let | f = d I f d
2 — X dll X
Y ) V2 +ax + 10 W \/x2+4x+10
5x + 3 5
=] = dx = =1L — 7L, (1)

) VxZT ¥ Ax + 10 2
2x + 4

Now, [ =f dx
. VxZ + 4x + 10

Let x* +4x+10 =t
= (2x+4)dx = dt

I = %—2\/' 24/x% + 4x + 10 .. (2)
] f : d . d
— Y = X

‘Y Fax+10 JOZ+4x+4)+6
= : dx

\/(x+2)2+(\/3)2

1
dx

Jo+ 22+ (VB

= log|(r + 2) +/(x* + 4x + 10| .(3)

Using equations (2) and (3) in (1), we have

5x + 3
I=f dx
Vx2 + 4x + 10

=;‘2\/x2+4x+10|—7]0g](x+2)+\/(x2+4x+10|+C

:5‘\/3:2+4x+10]—7log‘(x+2)+\/(x2+4x+10‘+C




Choose the correct answer in Exercises 24 and 25.

Question 24:
f s als
Xzt 2x+2 U
(A)xtan™'(x+ 1) +C (B)tan™'(x+1) + C
(A (x+1)tan 'x+C (D) tan 'x + C
Answer 24:

I_f dx 3 dx
S x4+ 2x42 ) (2 42x+1)+1

dx = [tan " (x+1)] + C

B J‘ dx
) (x+1)2%2 41
Hence, the correct Answer is (B).

Question 25:
"‘\/ = equals
Ox —4x*

() 2sin™t (Z2) + ¢ (B) >sin™! (%2) + €
1 S | O9x—8 1 R Ox—8
(ngn (3)+C (mzmn (g)+C

Answer 25:

N
W
=sin @ =—+40C
i

A

Hence, the correct option is B.




Mathematics

(Chapter - 7) (Integrals) (Exercise 7.5)
(Class - XII)

Integrate the rational functions in Exercises 1 to 21.

Question 1:
X

(x+1)(x+2)

Answer 1:

i A B A(x+2)+B(x+1)
TN+ GtD &+ @+DE+2)
>x=A(x+2)+B(x+1)

Equating the coefficients of x and constant term, we have

L

A+B=1 and 2A+B=0
On solving, we have:
A=-1 and B =2
2 X = &
x+Dx+2) x+1) (x+2)

| = - dx = [ — £ 4
_j(x+l)(x+2) JC_j(Jf:-1-1)-|-(:ch+2) *

= —log|lx + 1|+ 2log|x + 2| + C

x + 2)*
= log(x + 2)* — log|x + 1| + C = log ((:r: Z 1)) +C
Question 2:
1
x?2—9
Answer 2:
1 A B A(x-3)+B(x+3)

et (x+3)(x—3)=(x+3) I (x—=3)  (x+3)(x-23)

=1=A(x—-3)+B(x + 3)

Equating the coefficients of x and constant term, we have
A+B=0 and -3A+3B=1

On solving, we have

A= : d B—l
——E dll . _E
1 =] 1
= = |
(x+3)(x-—3) 6((x+3) 6(x—3)

= _[le— 9dx - f (ﬁ(x_-ll- 3) T 6(x1— 3)) -

1 1
= — =log|x + 3| + gloglx— 3|+ C

6
B 1I (x_3:"C
B TR




Question 3:

3x—1
(x—=1D(x—=2)(x-3)
Answer 3:
3x =1 A B C
" T-DG-2G-3) G-D ®-2) x-3)
3x—1 A —2)(x=3)+Bx—1)x—-3)+ C(x—1)(x—2)
" a-Dx-2)x—-3) (X —1)(x— 2)(x—3)
>3x—-1=Ax-2)(x—-3)+Bx—-1)x-3)+C(x—1D(x - 2) aa (L)
Equating the coefficients of x*, x and constant term, we have
A+B+C=0, -5A-4B-3C=3 and 6A+3B+2C=-1
Solving these equations, we have
A=1, B=-5 and C=4
3x -1 1 5 4

TG-DG-2Dx-3) G-D (x—Z) (x = 3)

- 3x — s 1 5 4 p
f(x—n(x—z)(x 3) T f (x—l)_(x—2)+(x—3)] ’

= log|x — 1| — 5log|x — 2| + 4log|x — 3| + C

Question 4:
5
(x—1D(x—2)(x-3)

Answer 4:
' X I B C

T E-Da-2G-3) G-D -2 x-3)

b4 A(x 2)(x—-3)+Bx—-1)(x—-3)+C(x—1)(x—2)
T G-DE-2(x-3) (x — 1)(x — 2)(x — 3)

x=Alx-2)(x—3)+Bx—-1)(x-3)+C(x—1)(x— 2) .. (1)
Equating the coefficients of x?, x and constant term, we have
A+B+C=0, -5A-4B-3C=1 and 6A+4B+2C=0

Solving these equations, we have
1 3
A———E, B=—-2 and C-—E
x o 2 3
x-1D(x-2)x-3) 2(x—-1) (x-2) 2(x—3)

e . = A
_f(x—l)(x—Z)(x—S) * ”z(x-n —7 2(x—3)

=

| ax

1 3
= Eloglx— 1| — 2 log|x — 2] -I-Eloglx— 3|+ C




Question 5:

2X
x4+ 3x+2
Answer 5:
2X A B A(x+2)+B(x+1)
x2+3x+2_(x+1)+(x+2)_ x2 4+ 3x + 2

>2x=Ax+2)+Bx+1) ..(1)
Equating the coefficients of x and constant term, we have

A+B=2 and 2A+B=0
Solving these equations, we have
A=-2 and B=4
2X — 4

— — 4
x?+3x+2 (x+1) (x+2)

I_f 2X g — f[ 4 2 p
JG-1Dex-2-3)" " Jla+2) @+l ™
=4loglx+2| - 2log|lx + 1| + C

Question 6:

1 — x*
x(1—2x)

Answer 6:

[t can be seen that the given integrand is not a proper fraction.
Therefore, on dividing (1 - x*) by x (1 - 2x), we have

] — g _1+1( 2 — x )
x(1-2x) 2 2\x(1-2x)
2-x A B
Let = (2—x)=A(1 - 2x) + Bx . (1)

= —+
x(1-2%x) x (1—2x)
Equating the coefficients of x*, x and constant term, we have

-2A+B=-1 and A=2
Solving these equations, we have
A=2 and B=3

2 — X _2+ 3
¥1—2%) x (1—2x)
Substituting in equation (1), we have

Therefore,

{ = 5= 1 1(2 3 )

=—4=[=4
x(1—2x) 2 2\x (1-2x)

[=fx(11_—;1) o =“%+;(;2; ’ (1-32x))dx}

log|1 —2x| +C

X
==+ log|x| 4

2 2(=2)

X 3
=3 + log| x| —Elogll - 2x|+C




Question 7:
X

(x?2+1)(x—-1)

Answer 7:

b s Ax + B C

T D =1 2+ D =D

>x=(Ax+B)x-1D+C*+1) =2x=Ax*—-Ax+Bx—-B+Cx*+C

Equating the coefficients of x4, x and constant term, we have
A+C=0, -A+B=1 and -B+C=0
On solving these equations, we have

A= A B-l d C—l
=g Fog = 0=y

(3D, 3

F+D -1 @+ Tx-D

X 1 X 1 1 1 1
'=Jcﬁ+rum-n=’5f(ﬁ+4f“+§f(ﬂ+¢fu+ifu~4f“

From equation (1), we have

1 2% q | 1
__Ef I D) x+5mn x+§log\x—1|+()

| 2X ; B B
Conmderf T 1) dx,Let (x*+1) =t = 2xdx = dt

Theref J. = d —fdt—l t| = log|x? + 1]
erefore, 21 1) X = = og|t| = log|x

I—J ~ = —Teasla® 3 1) & e & —lnule T +-£
) D) =T T8 ptam x5 l0gx

1 1 1
= —log|x — 1| —Elnglx2 + 1] +Etan‘1x +C

2
Question 8:
X
(x —1)*(x+ 2)
Answer 8:
X A B C
Let

G-D2(x+2) -1 -1 (x+2)
>x=Ax—-1D(x+2)+B(x+2)+C (x — 1)?

Equating the coefficients of x?, x and constant term, we have
A+C=0, A+B-2C=1 and -2A+2B+C=0
On solving, we have

a=2 g2l 4 c=_?
L —g YW vT7h




. 2 1 2
G- x+2) 9x—1 3x-1 9x+2)

Therefore,

X 2 1 1 1 2 1
’=f (x—1)2(x+z)d"’=§J(x—1)d“§f (x—1)2dx_§f(x+2)dx

x—1 1

2 1/ —1 2 2
— Zloglx— 1] + ( )—-1 + 14C = =] - .
gloslx =1l +3(7—7) ~gloslx +2| 9 5tz 3x-1)
Question 9:
3x +5
x3—xé—x+1
Answer 9:
3x4+5 3 3x+ 5
x3—x2—x4+1 (x-12%x+1)
3x + 5 A B C
Let

G-+ @-D &-1¢ &+D
=23x+5=AG-1D&+1D)+Bx+1)+C(x—-1)>

=2>3x+5=A(*-1)+Bx+1)+C(x*+1-2x) ail 1)
Equating the coefficients of x?, x and constant term, we have
A+C=0, B-2C=3 and -A+B+C=5
On solving, we have
1 1
A= 5 B=4 and (= >
ax +a =1 4 1

G—12(x+1) 21 x=12 2(x+1)
3x+5 2
-1+

1 1 4 1 1
= _Ej(x—l)dx-l- 4f (x—l)zdx+zf(x+1)dx

§ =

= 11 | 1|+4(_1)+11 | +1|+C—1l S X +C
B b x—1) 72 &% — 25 1 T =)
Question 10:
2x — 3
(x2 —1)(2x + 3)
Answer 10:
2x — 3 3 2x—3
(x2=-1D2x+3) (x+DE-D2x+3)
. 2x — 3 A B C

s (x+1)(x—1)(2x+3)=(x+1)+(x—1)+(2x+3)
=2x-3)=4(x-1)2x+3)+Bx+1)2x+3)+C(x+1)(x—1)
> 02x—-3)=QRA+2B+C)x*+(A+5B)x+ (—-34+ 3B - ()




Equating the coefficients of x?, x and constant, we have
2A+2B+C=0, A+5B=2 and - 3A+3B—L=-3

On solving, we have

PO TR .
g —170 MY YT

2% —3 5 1 24

G+ D(x-1)2x+3) 2(x+1) 10(x—-1) 5(2x+3)
B 2x — 3 J
"‘f(ﬂ—l)(zx ;
o
:Ef(xﬂ) x__f(x—l) J‘"_f(2x+3)

5
20g|x+1|—ﬁlog|x 1| — T log\2x+3\+C

—51 |x + 1] 1l |x — 1] 12l 12x + 3| + C
= 5 log|x 5 loglx = log|2x

Question 11:

S5x
(x + 1)(x? — 4)
Answer 11:
5x B 5x
(x+1D(x2—-4) (x+Dx+2)(x—-2)
' 5x A B c
A T+ DE-0 a+D x+2) -2
=>5x=Ax+2)(x—2)+Bx+1D)(x-2)+C(x+ 1)(x + 2) .. (1)

Equating the coefficients of x4, x and constant, we have
A+B+C=0, -B+3C=5 and -4A-2B+2C=0

3*II 2

5x -5 5 5
(x+DE+2)(x-2) 3(x+1) 2x+2) 6(x-2)

5x p
G+rDx+2)x-2)

51 1 5 1 5 ¢ 1
§f(x+1)dx_§' f(x+2)dx+ Ef(x—::)dx

5 b 5
§Iog\x + 1| —Eloglx + 2| + Eloglx -2|+C




Question 12:
> +x+1

x% —1

Answer 12:

[t can be seen that the given integrand is not a proper fraction.
Therefore, on dividing (x3 + x + 1) by x2 — 1, we have

x3+x+1_ +2x+1
x¢—1 - x¢—1
2x + 1 A B
Let =2x+1=A(x+1)+B(x—-1)

-1 (-1 (1D

Equating the coefficients of x and constant, we have
A+B=2 and -A+B=1
On solving, we have

A : d B ’
== an ==
2 2

B +x+1 1 3

Therefore, — x - 4
ST T T T -1 T 2+ 1)

o x3+x+1d_ p 1 1 J 3 1 y
“f 2—1 7 fx x+zf(x—1) ok Zj(x+1) *

x¢ 1 3
= log |x + 1] 210g|x—1‘"c

2 2
Question 13:
2
(1-x)(1+ x?)
Answer 13:
¢ 2 A Bx+C

. (1-x1+x%) (1-x) ¥ (1+ x?)
=2=41+x)+ (Bx+(C)(1 - x)
=>2=A+4+Ax*+Bx—Bx*+(C —Cx

Equating the coefficient of x*, x and constant term, we have

A-B=0, B-C=0 and A+C=2
On solving these equations, we have
A=1, B=1 and C=1
2 1 x+1
Therefore,

(1—x)(1+x2): (1—x)+(1 + x%)

2 1 X 1
’=f(1—x)u +x21dx:f(l—x)d“f(l+x2)d”f'(1+x2)d

B 1 J 1 2X ] 1 3
‘"‘f(x—n x+§,[(1+x2) ”f(ux«?) .

1
= —log|x — 1] -I-Elog\l + x| +tan"x+C

(1)




Question 14:
3x—1

(x + 2)2

Answer 14:
3x —1 A B

T T+ o +2)?
=>3x—1=A(x+2)+8B

L

Equating the coefficient of x and constant term, we have

A=3 and 2A+B=-1 = B=-7

Theref 3x—-1 B 3 7

SRS G202 T (x4 2) (x+2)
[ = 3x_1d—3f L 7f -
eI el x+2)2 "
=3log|x+2|—7((x+2)) -C =310g|x+2|+(x+2) - C
Question 15:
1
xt—1

Answer 15;

1 1 - 1

-1 (2-DE2+1) E+Dx-1D2+1)

. 1 A B Cx + D

D+ D@E+D G+D -0 @+
S>1=A(x-1D*+1D)+Bx+1D(x*+1)+(Cx+D)(x—-1)(x + 1)
> 1=A*+x—x*-1D)+Bx*+x+ x*+1)+Cx>+Dx*—Cx—-D
>1=UA+B+C0)x*+(-A+B+D)x*+(A+B-C)x+(-4A+B-D)

Equating the coefficient of x3, x4, x and constant term, we have

A+B+C=10, —-A+B+ D=0, A+B-C=0 and -A+B-D=1
On solving these equations, we have
1 1 1
AH_E, B—E, C =0 and D-—-—E
1 —1 1 1
Therefore,

*—1 4(x+1) 4(x—-1) 2G2+1)

1 f 1 1 1 +1f 1 1 .

= X= —— X+ - X+ —= X
X —1 ]+ T 1) -1 2 | G2+ 1)

f ! d 11 |+1|+11 |x — 1| 1r x4+ C
= X =——100|X — 100X — —=Tan - x
-1 4 05 4 06 >

1 ox=1 1

— 10

7log

——tan " Ix +C
x+11 2




Question 16:
1

x(xP+1)
[Hint: multiply numerator and denominator by x™! and put x" = £}
Answer 16:

1 xn-l xn-l
x(x™+ 1) B x1x(x™+ 1) B xt(x™+ 1)
Letx® =t i.e. nx" ldx = dt

1 x™ 1 1 1
h= fx(x“ r ke fx”(x“+1)dx=nft(t+1)dt
1 A B
Let CT D =?+ T+ 1) =1=A(t+1)+Bt ..(1)
Equating the coefficients of t and constant, we have

A= and B=-1
1 1 1

t(t+1)=t (1+¢)

I—J L - 1”1 : }dt—l[l £ — loglt + 1]] + €
) x(x™+ 1) T a) (1+¢t))  n o6 6

Therefore,

mn

+ C
x4+ 1

1 1
— — —[loglx™ = loglx™® + 1|1 + C = —1
ﬂ[ogIJf | — log|x™ + 1|] + —log

Question 17:
COS X

e Hint: Put si =
(1-sinx)(2 —sinx) i Pt wln 3 |

Answer 17:
COS X

(1—sinx)(2 — sinx)

Letsinx =t =2 cosxdx = dt

B COS X dy —
F= f(l—smx)(Z—smx) * = f(l—t)(Z—t)

A B

(1—1:)(2—1:) (1—t) (Z—t)
=1=A4A(2—-t)+B(1—t) sl 1)
Equating the coefficients of t and constant, we have
-2A-B=0 and 2A+B=1
On solving, we have
A=1 and B=-1

1 1 e |
Therefore, |

A-0-0 (-1 @&-1

s COS X B 1 -1 q
) (1=sinx)dx(2—sinx) [ {(1 —t) P (2 — t)} v

2 —sIinx

|
|

2_1'6—1
1_¢ | ——Ug

= —log|1 — t| +log|2 — t| + C = log 1 — sinx




Question 18:
(x2+1) (x*+2)

Answer 18:
(x*+1) (x*+2) . (4x* + 10)
(x2+3) (x2+4) (x?+3) (x?+4)
- (4x* + 10) ~ Ax+B +Cx+D
S 2+3) 244 (2+3) O (k2 +4)

= 4x°+10 = (Ax + B) (x* +4) + (Cx + D)(x? + 3)
= 4x? +10 = Ax> + 4Ax + Bx* + 4B + Cx® + 3cx + Dx* + 3D
=>4x24+10=(A+C)x°> + (B+ D)x* + (44 +3C)x + (4B + 3D)

Equating the coefficients of x3, x%, x and constant term, we have

A+C=0, B+D =4, 4A+3C=0 and 4B+ 3D =10
On solving these equations, we have
A=0, B=-2, C=0 and D=6
— (4x* + 10) = -6
TP @213 2+ (P+3) (P +4
(x%+1) (x*+2) -2 6
= —— =1 ( s )
(x2+3) (x¢+4) (x24+3) (x2+4)
(x?+1) (x*+2) 2 6
[ = dx=“1+( )} dx
(x2+3) (x2+4) (x2 + 3) (x2 + 4)

1+ . + ° +2(1t ‘1x) 6(1t ‘1x)+c
= =X —tgn ~—| =6 |=tan "=
x2+(\/§)2 2 o 22 V3 V3 2 2

X

+ - tan~! 3t '1x+c
=%t ——=tgi - ——3n =
V3 V3 2
Question 19:
2X
(x¢+1) (x4+43)
Answer 19:

X
(x?+1) (x°+3)

Let x2=t = 2xdx=dt

- 2X P dt ’

_f(x2+1) (% + 3) x_f(t+1) tr3 W
1 A B

L S1=A(t+3)+BE+1) . (2)

CETD €+3) G+ t+3)

Equating the coefficients of t and constant, we have
A+B=0 and 3A+B=1




On solving, we have

Therelore. _
SO G D (6+3) 26+ 1) 2(t+3)

i & A d
“j(x2+1) x2+3)

=“2(r11) z(ria)}dt
1

1 1
= Eloghﬁ i A —Elog\t +3| +C =Elog

4y 1 x? +1
t+3l - 2 Bly2+3

+ C

Question 20:
1

x(x*—1)

Answer 20:
1

x(x* —1)

Multiplying numerator and denominator by x>, we have
1 i

x(x*—-1) B x*(x*—=1)

L= Jx(x*l— 1) = fx“(xjf— 1) o

Let x*=t = 4x3dx=dt
1_]' i ¥ _1J' dt
) xx -0 T3 -1

1 A B
(-1 ¢t =1
5 1=A(t—-1)+Bt ....(1)

Equating the coefficients of t and constant, we have
A=-1 and B=1

Let

1 -1 1
tH(t—-1) ¢t (t—1)

Therefore,

1
]=fx(x4—1)dx

4f (t—l)

= [ log|t| + log|t —1|] + C

t—ll C—ll gt —q "
t —-40g x4




Question 21.
Hint; Pute* =t

(e¥ —1)

Answer 21:
1

—1)
Let e*=t = etdx = dt

1_f(€ ¥ 1) x_f(t—l) ft(td—tl)
1 a4

Let t(t—l) (t—l) =>1=A(t-1)+Bt ..(1)

Equating the coefﬁments of t and constant, we have
A=-1 and B=1

1 -1 1
tt-1) t (t-1)

Therefore,

e* —1

¢

t—1 =1
t|| = IUE

1
I—ft(t_l)dt—log

Choose the correct answer in each of the Exercises 22 and 23.

Question 22:
J’ xdx |
=D =2) equals
(A) log|“=H + € (B) log | 21| + €
x—1\4
(C) log ( ) + £ (D) log |(x — 1) (x = 2)| + C
Answer 22:

X B A B
e De-2 G-D G-2

Equating the coefficients of x and constant, we have

=2x=Ax—-2)+B(x—-1)

A+B=1 and —2A—-B=0
Solving the equations, we have
A=-1 and B=2
X 1 1
Therefore, |

G-Dx-2) (-1 (x-2)

X 1 1
f=f(x-1)(x-2)dx=“ (x—1)+(x—2)}dx
= —log|x — 1|+ 2log|x — 2| + C

I ()
— %6 X—]

Hence, the correct Answer is (B).

FC




Question 23:

(A) log|x| — %ll::;g(x2 +1)+C

(C) — log|x| + %log(xz +1)+C
Answer 23:

Let

> 1=A*+ 1)+ (Bx+0O)x

[ dx |
21 D) equals

(B) log|x| + %log(x2 +1)+C

(D)-;- log|x| + log(x* + 1)+ C

1 A Bx+(C

x(x2+1)=x S (x2+1)

Equating the coefficients of x?, x and constant term, we have

A+B=0, C=0 and

On solving these equations, we have

Al B=-1 and
Therefore,
_ f 1,
) x(x2+1) *
- f {1 P ]dt
e 2+ 1)
| |
= log|x| — Eloglxz +1|+C

Hence, the correct Answer is (A).

A=1

5=
| _1I —3
x(x2+1) x (x2+1)




Mathematics

(Chapter - 7) (Integrals) (Exercise 7.6)
(Class - XII)

Integrate the functions in Exercises 1 to 22

Question 1:
X sin x

Answer 1:
| = fxsinx dx

Taking x as first function and sin x as second function and integrating by parts, we have

1=xfsinx dx—f{(%x)fsinx}dx

= x(—cosx) — J 1.(—cosx)dx = —xcosx+sinx+C

Question 2:
X Sin 3x

Answer 2:
= fxsin 3x dx

Taking x as first function and sin 3x as second function and integrating by parts, we have

d
I =% J sin 3x dx — f {(—x) f sin Bxdx}dx
dx

— CoS 3x — COS 3x xcos3x 1
=x( ) J‘l( )dx -I-—fcosBxdx

3 3 3 3
xcos3x 1
— +§sm3x+(]
Question 3:
x%e*
Answer 3:
| = J xte* dx

Taking x2 as first function and e* as second function and integrating by parts, we have
d
J =g f e* dx — f [(—xz) J exdx}dx
adx
= x%a® — J 2x.e*dx = x%e* — 2 J x.e dx
Again integrating by parts, we have
d
X. j e*dx — j {(—xz) f exdx} dx]
dx

= et — 2 [xex ~ f exdx] = xe* — 2[xe¥ —e*]

I = ¥ p%=2

= x%e* — 2xe* + 2e* + C

—e*(x*=-2x+2)+C




Question 4:
xlogx
Answer 4:

[ = Jx]ogxdx

Taking log x as first function and x as second function and integrating by parts, we have

f=logxfxdx—H(jxlogx)fxdx}dx

1 x° flx . ~ x*log2x fxd ~ x*log2x x“‘_I_C
I N 2T T 1
Question 5:

x log 2x
Answer 5:

[ = fxlogZxdx

Taking log 2x as first function and x as second function and integrating by parts, we have

d
]=logijxdx—j[(dxlogZx)J.xdx}dx

< o x* 2 x* ’ ~ x*log 2x XX “logZx =* B
B e I B PP R 2 fzx‘ 2 4
Question 6:
x* log x
Answer 6:

[ = fxz log x dx

Taking log x as first function and x* as second function and integrating by parts, we have

I:lt}g:n:fx2 dx—f{(d logx)fxzdx}dx
dx

X 1 x x*logx 1 , x3logx x3
= logx.| — —f——dx: ——J‘x dx = |

3 X 3 3 3 3 9
Question 7:
X sin"'x
Answer 7:

I'= f x sin”‘x dx

Taking sin™'x as first function and x as second function and integrating by parts, we have

d
= sin'lexdx —f{(—sm x)fxdx} dx
dx

( ) 2d xzsm X f
= sin 1x dx
\/1-3:2 2 V1 — x2




xisin lx (1 — x*t 1 xzsin_lx 1 1
f* — +—f{x/1—x2 _}dx

X°sin " x
= 1 —x4dx — f x}
Z { \/ V1 — xZ2

xsm e {
22

— x -I——sm Ly —sin~ x}+C

xsm by ¥ -
«/1 x2+—sm x—sin"Tx+C

X
= Z(sz — 1)sin™'x +E\/1 —x% 41

Question 8:

=]

X Lan X

Answer 8:
] = fxtan”lx dx

Taking tan™'x as first function and x as second function and integrating by parts, we have

d
= tan‘lexdx —J{(—tan x)dex}dx
dx

e x* f 1 xzd - x*tan”'x 1[ 2 ’
- T+x2'2 2 2)1+xe

vtan™lx 1 r(x*+1 1 x’tan"x 1 1
_ — _f - Oy—= — — (1 s )dx

2 2] 14+ x2 1+ x? 2 2 1+ x?
x‘tan"'x 1 o i t € .3 1 t e
- x—tan "x) =—tan x == an x
2 2 ( ) = 2 2 2
Question 9:
x cos lx
Answer 9:

I= fxr:os‘lx dx

Taking cos 'x as first function and x as second function and integrating by parts, we have

d
I=cos‘1xfxdx—f{(a;cos x)fxdx]dx
g [ f -1 xzd - x%cosT'x 1 1—x2—1d
= cos™ x| T2 = > 2) o X

x%cos 1x lf 1 — x*? 1 }
s il - _ dx
: 2] (W1-x2 V1-—x?




2 2 V1 — x2
x%cos 1x 1 1 —1
- _Z [ J1-22d --f( )d
2 zj‘/ SRS AW
 ROROETX 11 1 .
= > > 1 zcos X .y

Where 11=f\/1—x2.1dx

I, = xy/1—x2 — j V1- xzfxdx=x\/1_x2 J‘m
=xJ1—x2—J1_xz_lxdx =x\/1—x2—”\/1_x2dx+f —dx ]

V1 — x2 V1 — x2

o= 1 —x2 — {1, + cos™1x}

X 1
=2l =xy1—-x2—cos™lx =1, ==y1-x2—=cos x

2 2
Substituting in (1), we have

s JEPT
x“cos™x 1yrx 1 I
| = ——(—\/l—xz——Cos“lx)——cos“lx

2 2 \2 2 2

- (2x*-1)
= —

X
cos 1x _E\/l —-x2 4+ C

Question 10:
(sin"1x)?

Answer 10:
] = f(g,in‘lx)z 1 dx

Taking(sin~1x)* as first function and 1 as second function and integrating by parts, we have

F= (sin'lx)zfl dx —j{i (sin'lx)z.f 1dx} dx

dx
2sin” tx —2x
= (sin"1x)% x — x dx = x(sin"tx)* + fsin"lx ( )dx
V1 — x?2 T — 92

= x(sin™Ix)* + [sin"le\/.l_ixxz dx—f{ —sth % J.\f_Tx—z ]

= elsim Yx) [sin""lxzxfl —x2 — f Tal xzdx]
V1 — x2

= x(sin~1x)? + 21 — x2 sin~1x — f2dx = x(sin~1x)2 + 24y1 — x2 sin"lx — 2x + C




Question 11:

X005 %
V1 — x?
Answer 11:
I xcos™x ; -1 —2x 1, g
= xX= | — cos xdx
V1 — x2 2 V1 —x?
Taking cos™ x as first function and (\/%) as second function and integrating by parts, we have

I=_1 COS xf\/l = dx — f{(%cos x)f\/l_ixxz dx}dx]

—1
= cos™1x. 21 — x2 — f 241 — xzdx]
V1 —x2 \/

2

-1
=7[2\/1 —xzcos‘1x+12dx

=_?1[2\/1 —x2cos 'x + Zx‘ +C

:—[Jl—xzcos'1x+x]+ﬁ'

Question 12:

x sec’x

Answer 12:
[ = jx sec’xdx

Taking x as first function and sec 2x as second function and integrating by parts, we have

d
] = xf sectxdx —f{{—x}f sec’x dx] dx
dx

=X tanx-fl.tanx dx = x tan x + log|cos x| + C

Question 13:

tan™'x
Answer 13:
I'= f tan™'x
Taking tan™lx as first function and 1 as second function and integrating by parts, we have

3

d
| = tanhle 1dx—f {—tan x}J‘ 1.dx
dx

1
=tan'1x.x—f1+x xdx =xtan” x——f1+x2d

1
= ¥ton % —2—103[1 +x%]+C

dx

il




Question 14:

x(log x)?
Answer 14:

J = fx(logx)zdx

Taking(log x)# as first function and x as second function and integrating by parts, we have

i (lﬂgx)zf xdx—f[{;—x(logx)z}f xdx]dx

2

=X (togay | [ 210gzx 2.2 x| = (togmy? - [ xlogx a
=5 08 X f ngx.zx—zogx fxogxx

Again integrating by parts, we have

— ;;_Z(lﬁgx)z — Ilogxf xdx — f i{;—xlogx]f xdx] dx-

_xz (log 1)’ [ I fl xzd
= —-(logx E 0g X > dx
e x2 e
- — S -
: (log x) 5 logx + 2 +C

Question 15:
(x*+ 1) log x
Answer 15:
[= f(x2 + 1) logx = fleogxdx +jlogx dx

Let I =1 +1, i ld)
Let I, =[x%logxdx and I, = [logxdx
Taking log x as first function and x“ as second function and integrating by parts, we have

[ =1¢;1gxf:1c2 dx—f {ilogx]f x? dxgdx
' dx

» %7 1x3d _x3l 1 zd)—XB] 2 " .
= Dgx.?—f;? x = logx—3 (fx x| =73 ogx—3+ ¢ s (2)

Taking log x as first function and 1 as second function and integrating by parts, we have

d
I, = logx[ldx—f;{alogx}J 1 dx]dx

1
=10gx.x—f;.xdx=xlogx—f1dx=xlogx—x+ C, == (3)
Using equations (2) and (3) in (1), we have

v'og %
]=?Iogx 3 FCy+xlogx —x+ G,
o X
= +—logx Fxlogx —x + C) [C = G # 65]

3 9




Question 16:
e* (sinx + cosx)

Answer 16:
] = fex (sin x + cos x)dx

Let f(x) = sinx = f'(x) = cosx

Here, = ] e* (sinx + cosx)dx =fex{f(x) + f'(x)}dx

It is known that, f X(F(0) + £ ()} dx = eXF(x) + C
Therefore, [ =e*sinx+C

Question 17:

xe”*
(1 + x)=
Answer 17:
xe* ¥
L= (1+m2dx:f€{u+mﬁhm
x1+x—1 B - 1 B 1
=J.€ {(1-I-x)2}dx —fe {1-I-x (1+x)2}dx
1 —1
letf) =15 = @ =g

I:f(lie:)z dxzJ.ex{lix—(1:x)2}dx:fex{f(x)+f’(x)}dx

It is known that,f e*{f(x)+ f'(x)}dx=e*f(x)+C

EI

1—[ _alr - C
“ ) a+x2 YT 1+x

Question 18:

14+sinx
4 (1 n )
COS X
Answer 18:
1+ sinx Sinzg-l- caszg—+235n% cos%—
E'x( ) = e”*
1+ cosx 2{:052%
. x\ 2 | 2
(Sm%'F Cﬂﬂg) sm%-kcosg
= ex 7 s EEI "
2_ i
2C08° 5 0S5

= %ex [tang + 1‘2




=lex ’l-l-tanq2 =lex[1-|-tan2£+2tanﬂ
2 | 2 2 2 2
1 X X
= Eex [ser:2 5 -+ Ztanzl
e*(1+ sinx ) . ,X X
l = 1+ cos ) dx—J e lser: §+2tan§]dx

X %
Let 2tan§: fl) = o= seczi

= f X{f'(x) + f(x)} dx

[t is known that,J‘ e*{f(x)+ f'(x)}dx=e*f(x)+C

j o ex(1+sinx)d oty x+C
- (1+cosx) . sz

Question 19:

x(l 1)
° x x?

i 1
zfex(———z)dx
¥ X

Answer 19:

It is known that fex{f(x) +f'(x)}dx=e*f(x)+C

X

1 1 e
szex( 2).z:l:\lc=—+(,‘
X x X

Question 20: (£=3) e
(x—1)
Answer 20:
- e ]
jsr £ 3+:~dx='|'f"<l I ~ Ll
(x-1) (x-1)

=_[E'I {{ > - dx

x—]}: (:-E— l_"_l3 |
. 1 -2
f{"'}: - ) -f{r("’}: 1
Let (x - ” (I‘ l}
It 1s known that.

IEJI }f{l) T ,f”(l)}dx = E"Ilfl(._'l')_i_ o

| (x—3 |
:.je'*f:(r !‘m’_t= : —+
(x=1) ] (x-1)




Question 21:

e%X sin x
Answer 21:
] = fezxsinxdx ..(1)
[ntegrating by parts, we have
| d
[ = smxf e* dx — f“—smx}f g=¥ dx} dx
dx

i p2X f ezxd _ezxsinx 1[ . p

= sinx.— cos x ——dx = z 5 | e cosxdx

Again integrating by parts, we have

]_E:‘szinx 1 J' 2 f{d ]f 2 d
= > > COSX | € X dxl':ﬂsx e XtdX

- e*sinx 1 gX - e# ~e*sinx 1[e**cosx 1[ .,
I'= > ZLCOSI' > j(—smx)del = ; 2| 2 +§Je sin x dx
- e**sinx e**cosx 11 From (1)]
2 4 4

1 e’*sinx e**cosx 5 e**sinx e** cosx
[+-1 = = => =1 = -

1 2 4 1 2 4

4 [e**sinx e?*cosx g E
Izg > i ]IC= c [2sinx —cosx]+ C

Question 22:

sin'l( o )
1+ x?

Answer 22:
Let x =tan@ = dx = sec®8 do
Therefore Sin‘l( - ) — in‘i( D ) = sin~(sin28) = 26
; 1+x2) ° 1+ tan20) ; B
| 2x
I:J-sm‘l( )dx:fz.!?seczﬂdﬂzZfﬂseczﬂdﬂ
1+ x?

[ntegrating by parts, we have

' d
I =P efsecze do -”[59”3&:29 delde

= 2|0tanf — log|cos || + C = 2

= 2[9tan9 —ftanﬂ dQ]

+

1
x tan"'x + log |
V1+ x?

1 1
=2xtan " x +2log(1+x%) 2+ C = 2x tan"'x + 2 [— Elog(l + x|+ C

=2xtan"tx —log(1 4+ x%) + C




Choose the correct answer in Exercises 23 and 24.

Question 23:
fxz e’ dx  equals
(A)ze* +C (B)e* +C (C)ze* +¢ (D)ze* +¢
Answer 23:
[ = fxz e dx
Let x° =
= Axide =t

1 1 L _;
t - t o X g
I-—Sf(e)dt-—3(€)+C——3e C

Hence, the correct answer is (A).

Question 24:
f e* secx(1+ tanx) dx equals
(A)e*cosx + C (B) e*secx + C (C) e*sinx + C (D) e*tanx 4+ C
Answer 24:

| = f e*secx(l +tanx) dx = f e*(secx +esc xtanx)dx
Let secx = f(x)

= secxtanx = f'(x)

[t is known that f e*{f(x)+ f'(x)}dx =e*f(x)+C
J = f e*(secx +esc xtan x)dx

=e*secx+C

Hence, the correct answer is (B).
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Mathematics

(Chapter - 7) (Integrals) (Exercise 7.7)

(Class - XII)
Integrate the functions in Exercises 1 to 9.
Question 1:
J4 = x?
Answer 1:

1=jmdx= JJ(Z)Z—(x)de

2

X a X
Using, a2 — x2 = — a2 —x2 +—sin"1-4+C
g ]J sz . -

X 4 X X X
] = §J4 ~x2+osin™' =+ C = 51/4—;:;2 +2sin™ =+ C

Question 2:

V1 — 4x2
Answer 2:

1=f J1—4x2dx=f\/(1)2—(2x)2dx

1
Let 2x =t so 2dx =dt :>I=§f\/(1)2—(t)2 dt

2
X a X

Using, f\/az—xzzif\/az—x2+—sin‘1—+(]

a

2
1711 il t 1
— g - - F2 —¢in~1 _ — — ¥ —¢in~ 1
I 2[2\/1 t2 + 5 sin r]+c 4J1 t2 + 2 sin'2x + C
= LT o + 2sint2x+ €
= 2 X 4.'51?1 X
Question 3:
Vx2 +4x +6
Answer 3:

I:f\/x2+4x+6dx:f\/x2+4x+4+2 dx

=fJ(x2+4x+4)+2 dx

_ f\/(x+2)2 +(V2) dx
2
Using, Jx/ x2+a2=;J~,/x2+a2+a7log‘x+1/ x2+a2‘+C

[=(xgz)\/xz+4x+6+§log‘(x+2)+\/x2+4x+6‘+C

- (x+2)
2

w/x2+4x+6+210g‘(x+2)+\/x2+4x+6‘+C
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Integrate the functions in Exercises 1 to 9.


Question4:

Jx2 +4x + 1
Answer 4:

| = f\/x2+4x+1dx= J‘\/(x2+4x+4)—3dx=f

J& Tt Zyr— (\/_57)2 dx

| 2
Using, f\/xz—az=;J\/x2—a2—%log‘x+\/x2—a2‘+C

X+ 2 3
1=( : )\/x2+4x+1—-§10g‘(x+2)+x/x2+4x+1|+C
Question 5:
 1—4x — e
Answer 5:

!=f\/l—4x—x2dx=le—(x2+4x+4—4)dx=fw(\/§)z—(x+2)2dx

2
X a i
Using, J.\/az—xz=Ef\/a2—x2-l-—sin”1a-|—€

2
4 2 5 + 2
] = fa )\/1—4x—x2+—sin‘1(x )+C

2 2 N

Question 6:

Jx? +4x =5
Answer 6:

1=fJx2+4x—5dx=fJ(x2+4x+4)—9dx=fJ(x+2)2—(3)2dx

X

2
Zf\/xz—az—%log|x+\/x2—a2|+c

Using, f\/ x4 —gedx =

32 9
1=(x2 )\/x2+4x—5—§log|(x+2)+\/x2+4x—5‘+C

Question 7:
\/1—+3x—x2
Answer 7:
9 9
sz\/1+3x—x2dx=[ 1—(x2—3x+———)dx
4 4
N
2
9 3\ 13 3\
=j (1+—)—(x——) dx=J (E) —(x——) dx
\ 4 2 \ 2 2

2

X a X
Using, f\/az—xz=5f\/a2—x2+—sin“1a+6

2




3 3
1—(x_§)J1+3 i g "l/x_g +C
— > 5 S |4x231ﬂ \/ﬁ
\ 7
(2x — 3) T3 2_|_13 __1(2x—3)+c
= X — X 5L
4 V13
Question 8:
Jx2+3x
Answer 8:
9 9 AL
!=fJx2+3xdx=f x¢ 4+ 3x + % = (x+—) —(—) dx
\ 4 4 \ 2 2

2
Using, J\/xz—azdx=gJ‘\/x2—a2—%]0g‘x+\/x2—az‘+C

3 9
)

(x-l——
El

; 2)\/:1::2+3x— 0g
9

X3
=( i )\/x2+3x—§10g

3
(x +§)+\/x2+3x

[+

+§)+Jx2+3x

[ = F

+L

Question 9:

1+ —

Answer 9:

x* 1 1
f dx=—f\/9 xzdx=—f\/(3)2
\ 9 3 3
9
Using, f«,/x2+a2dx=ijy/x2+a3+
. 1 [x

0 X
2 s 1 s 2 i = 2
: 2‘/3( +9 zlog‘x+Jx +9H+C 6\/x +9 +

x? dx

Choose the correct answer in Exercises 10 to 11.

Question 10:

(12

2

%loglx + x2 +9‘+C’

log|x+~,/ x2+a2|+C

[«fl + x* dx isequal to

(A) %*J1+x3 +%lﬂg‘x+f1+x3]+6

(B) (1 +x?

3
)2 +C

(€) Zx(1+? )2 +C
Answer 10:

X
Using, J’Jx2+ﬂ3dx=§f\/x3+a2+

+1E
g h

1= | J1+%% dx =21 + x2 x++1+ x2|+C
;

Hence, the correct answer is (A).

2
[D)I?wflerE +%leng|x+ﬂf1 +x2|+C

2
i
?lng‘x+\/xz+ﬂ2‘+ﬁ
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Question 11:

j\[xz — 8x + 7dx isequalsto

(A) -(x = 4Va? = 8x + 7 +9loglx — 4+ Va2 —8x +7 | +C

(B) -(x+4)Va? —8x+7 +9loglx +4+ Va2 —8x+7|+C

(C) %(x—4)\/x2—8x+7 —3VZloglx—4+Vx2-8x+7|+C
(D]%(x—4)vx2—8x+7 —g loglx —4+vVx2—8x+7|+C

Answer 11:

= f\/xz—8x+7dx

- IJ(x2—8x+16)—9 dx

2 fJ(x—4)2 —(3)2 dx
2
Using, f-\/ il —pe e =;J‘1/ x% — a? —%]Dg|x+~,/ e —a2| L

I—(x;ﬂ\/xz—8x+7—;log‘(x—4)+\/x2—8x+7|+C

Hence, the correct answer is (D).




Mathematics

(Chapter - 7) (Integrals) (Exercise 7.8)
(Class - XII)

Evaluate the definite integrals in Exercises 1 to 20.

Question 1:

f_l(x + 1)dx

Answer 1:

1 BT
’:f Ce + 1)dx =
-1

| 1 1 1
= =(—+1)—(——1)=—+1——+1=2

+ x
g W 2 2 2

Question 2:

a5
J—dx
Zx

Answer 2:
3

z-fld 1 3|
= | —dx=logx >

=log|3| — log|2| = log

2

Question 3:
2
f (4x3 — 5x% + 6x + 9)dx
1

Answer 3:

2 [y 53 2 12
I:f(4x3—5x2+6x+9)dx: 4l —)-=-5({—=—]+6[—]+9x)
4 -\ 4 3 2 14

5(1)°
3

51'3 12
® F3x4 +9x| = {24
: 11

40 5 40 5
{16—?+12+18}—{1 2 I 3+9}=16—?+12+18—1+§—3—9

5(2)°
3

+3(1)2 + 9(1)

|
>3

F3(2)% + 9(2)} - [(1)4

35 64
3 3

Question 4:

sin 2x dx

= 1
INE

Answer 4:
i a

4 — COS 2X
I=f sin2xdx=[ ]
0 2

e TR ~ S [~

= —%[cos 2 (g) — COS 0]

- —3[eos(5) - cosd

1 1
=——(0-1) ==
,0-1=3

1

e

#
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Question 5:

| A

J- COS 2x dx

Answer 5:
yosi I = Iﬂj cos 2xdx

sin 2x

| cos 2.xdx =[ : J= F(x)

Using second fundamental theorem of calculus, we get

o= F(%J—F(ﬂ}

—

-_—_-l ::.'.inz[i]—ﬂinn =l[ﬂiﬂﬂ—ﬂinn]
2| 2 ] 2
:1'{1—{}]:{1
? L
Question 6:
5
J e*dx
i
Answer 6:
5 5
I=fexdx=[ex] =€5_€4=€4(E_1)
4 4
Question 7:
T
f tanx dx
0
Answer 7:
T T
z =
] = J’ tanx dx = [—lOg‘COS x\]4
0
0
= -lo ‘cosz‘ + log|cos 0| = —lo l +log|1| = —log(2) ﬁ% = 110 =
= —log |cos 7| + log = ~log |7 +log|1] = ~log — 2%
Question 8:
a
f cosecx dx
yA
6
Answer 8:

i

)
| = L cosecx dx = [log|cosecx — cot x|]

6

Nl ]S

= log ‘cosec% = cot%‘ — log ‘cosecg B cot%‘

= log|v2 — 1| — log|2 — V3]

Wy (ﬁ—l)
= log 2_@




Question 9:

0 \/1 e x2
Answer 9:

Question 10:

[1 dx
5 LR
Answer 10:

1 dx 1

= = [tan"'x] =tan"1(1) — tan"1(0) :%
0

Question 11:

Answer 11:

J' dx I x—1

=Fx]

x*=1 2 lx+1]
Using second fundamental theorem of calculus, we get

[=F(3)-F(2)
l_h:- 3_1—Iﬂna_—l_ln _
Y It £ i PP ) e _
1

log ——lo l
gl gE}

~log

lid | =

| B2

1
2

[J= S
2

log —
g2

e ol

Question 12;

ral S

f cos®x dx
0

Answer 12:

m
2 2 /14 cos2x
I=J‘ mszxd:.r=J.( )dx
0 0 2

T Fi A
B |I+sin 2:::]§+ [1( +_sin2,:_c)]~2:

2
0
_l[(rr sinn) (DJrsinn]
-~ 21\2 2 2 )

=%E+n 0-0| =

i
4




Question 13:

fE x dx
5 X< ]

3

Answer 13:

r—F r 4 —1f3 - —[11 (1+ 2)]
IR R Y T R Pt e B

10
—[log{l +(3)%} —log{1 + (2)*}] = [log(lﬂ) log(5)] =%[lﬂgg] =310g2

2
Question14:
1 2x +3 ’
g Bk A1 2
Answer 14:
I—J-l 2x + 3 ]
AT
. J’2x+3 f5(2x+3) 1 10x+15d 1 10x 4 +3f 1 .
O 1881 T 541l ® B BEAF1 ™ L 54 L™ T e
-1J 10xd+3f it = = loglEs® +1)31t“1I
o X : x2+1) —SUg X 5T an T
5 V5 V5
1 3
=—log(5x* + 1) + —=tan™1 V5x
1 2x+3 1 3 1 3
Therefore, [ = = {—10 5+ 1)+ —tan" (V5 ]—{—10 1) + —tan™ 0}
= lIng((&) 4 imn"l(\fg)
3 V5
Question 15:
g |
fxexzdx
0
Answer 15;
1
I=f xe* dx
0
Put x? =t
= 2xdy =1t
Ifx—->0,t—-0 andif x—->1t-1
1 (1 11
Therefore, !=—f etdt ==[e']
2 Jo 2 0

1 1,_1 .
=g@sge =glasi)




Question 16:

. X +4x+3 *

Answer 16:

I fz Se 2
B X5+ 44 3 *
Dividing 5x* by x* 4 4x + 3, we have

I—fz{S 20x + 15 }d —jZSd J‘E 20x+15 _ [5x]2 J'Z 20x+15
) Zt+ax+3) ) 0 T ) @ ax+3 s T 2t ax+3

¢ 20x + 15
I =5—1; where [; = f a (1)

d
¢ X+ dx+43 *

s | _f 20x +15
o P ) x2+4x+3 g

d
Let 20x+15—A—(x +4x+3)+B = 20x+15=24x+ (4A + B)

Equating the coefficients of x and constant term, we have
A=10 and B=-25

I—IOJZ 2x + 4 ] 25]2 dx
) x4+ 4x+3 g o K2 +40+ 3

Let x*4+4x+3=t = (2x+4)dx:dt

1—1of 25[ — 10logt 25[11 (Hz_l)]
b (x+2)2—12 °e 2 S\x+2+1

1 x+1y° 1 3 1 2
110 log(x= + 4x + 3)]% 25[2 log(x+3)]1 [10log 15 — 101log 8] — 25 [zlogS 2log ]

4

25
= [101log(5 x 3) — 101log(4 x 2)] — = llog3 —log5 — log2 + log4]

25
= [10log5 + 10log3) —10log4 + 101log 2] g llog3 — log 5 — log2 + log4]

25 25 25
= [10 -I-7] log 5 + [—10 —71 log 4 + llO -y log3+l 10 +

45 45 3 o 45 5 5. 3

— ?IogS —710g4 ——10g3 + —log2 = 7!094 zlogi

Substituting the value of 11 in (1), we have
A5

25
] log 2

I=5'—11=5

log——— Dgz]

-5 5[91 > ) 3]
21799 987




Question 17:

i
f (2sec?x + x> + 2) dx
0

Answer 17:
14 i 1t
2 x4 ==
sz (2sec’x + x>+ 2)dx = [2tanx + — + 2x| 4
0 L 4 Iy
T 1 (T 4 4
= [{2tan;—+;(—;) + 2(1)}— {2tan0+ 0+ 0}]
UL S .
e T T T AT 2 T 102
Question 18:
I E(Sinz s cos’ E) dx
0 2 2
Answer 18:
T N 5 X T 3 X . A I.
fe= (SIIT ——EDS_—]JJ( =—I_ [EEIE"——EII']“—}L(
Let 0 2 2 0 2 2
= —E cos xdx
_.'cns xdx =sinx = F(x)
Using second fundamental theorem of calculus, we get
[=F(n)-F(0)
=sina —sin(
=0
Question 19:
fz 6x + 3
. Xt +4 g
Answer 19:
1 126x+3d f22x+1 3_[2 2x
S ¥ = X =
5 X2l o X+ 4 .
2 . 3 % :
= [310g(x +4) + —tan” —]
2 2
0
5 3 (2 3 /(0
= {3 log(2“ + 4) + = tan (——)} — {3 log(0+4) + =tan (—)}
2 2 s 2
3 3
=3log8+—=tan™'1 —3log4 —=tan™'0

2 2

= 310g8—|—§-tan'1 (E) —3log4 -0
2 4

_ 3] (8)'3H = ¥loe 4N
—2OB\z) Ty T AT Y




Question 20:

: X
J (xex+sm—)dx
” 4
Answer 20:
1= [ (cex+sin )
= n xe* + sin i X
Here,

nx

].(xex+s£nE) dx—xJexdx—f{(ix)Jexdx }dx+ Bt 3
4 B dx | n

4

4 X
= xe”* — f e*dx — —cos—
T 4

4 X
= xe* — e* ——cos—
T 4

Therefore,

4 nxl

xet —e* ——cos—
T 4

[ =

0

4 T 4
= (1.&'1 — el ——cos—) - (0.6” — gV ——cos(])
i 4 T

B 4(1)+1+4
_ee’ﬂﬁ -
4 22

o ] A e
T n

Choose the correct answer in Exercises 21 and 22.

Question 21:
V3 dx

equals
; 14-%° 2

(A) = (B) = OF (D)
Answer 21:

f‘ﬁ dx \/ﬁ
1

e [tan™ x]

= tan" W3 — tan!1
B 7T T 1 T
3 4 12

Hence, the correct answer is (D).

-
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Choose the correct answer in Exercises 21 and 22.



Question 22:

(A) = (B)
Answer 22:

Let 3x =t
=5 S0y =0l

Therefore,

dx B 1 dx
f (2)2 + (3x)? EJ (2)2 + (1)

I . -
3zt E]
1it“f:.'.;'rl(3—%)
6 2
Now,
4 2
1= [ (3)]3
0
_1 g 32\ 1 .
—Etan (5.5)—gtan 0
1 m T
"6 4

Hence, the correct answer is (C).

(D)~




Mathematics

(Chapter - 7) (Integrals) (Exercise 7.9)
(Class - XII)

Evaluate the integrals in Exercises 1 to 8 using substitution.
Question 1:

Answer 1:

Let x*+1=t
= 2xdx = dt
Whenx = 0,t = 1andwhenx = 1,t = 2

]_fl X 2 1 2dr:_l[l ol
B 5 Tepil * = g t 2 08

1 1
= E[logZ —logl] = ElogZ

Question 2:
13

ff\/sin ¢ cos>P do
0

Answer 2:
IiA

| = fi\/sincpcosg'qb dp = fi‘/sintpcos‘*q‘) cos @ do
Let sinp=t = cos¢ dd}ﬂzdt U

T
When ¢ = 0,t = 0 and when ¢ :E’t: 1

' bl ‘rr 9 s
I=f\/f(1—t2)2dt=j t2(1+t“'—2t2)dt:f [t2+t2—2t2]dt
0 0 0

3 i 77t
2

|z ez 2 2 4 154+42-132_ 64

13711 7] 3711 7 231 231

. 2 2 2 1

Question 3:
ST
fsm ( Z)dx
A 1+x

Answer 3:

1 2x
I:f sin‘l( 2) dx
0 L +.%
Let x =tanf® = dx = sec“f df

T
Whenx = 0,0 = 0and whenx = 1,9:1
L T

—

) 2tanf 4 |
] = f sin‘l( : ) sec?8 db =f sin”! (sin 20) sec?f d6
. 1+ tan<6 .
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Evaluate the integrals in Exercises 1 to 8 using substitution.



T T

4 4
=f 29.seczﬂd9=2] 0.sec’8 do
0

0

Taking 0 as first function and sec?8 as second function and integrating by parts, we have
i

TC
d 4 P
= 2[9 fSE'CZB do f{(aﬂ)fseczﬂ d@}d@] =2[9tan9 —ftan@ dﬂ]
0 0

T

A T T
= 2[ftan 8 — log|cos 8]} = 2[ tanzi— log‘cosz‘ — log|cos OI‘

4
—2[H+1 (1) oe1] = 2% = Lioa2] = F — 1o 2
=2|3tlog( ) ~logl|=2|7 - 7log2| =5~ log
Question 4.
2
fx\/x+2 (Put x + 2 = t%)
0
Answer 4:

7
fx\/x+2 dx
0

let x+2=t* =dx=2tdt
When x:O,t:\E and whenx =2,t = 2

2 t 2
szx\/x+2 dx = ] (tz—Z)\/t?tht=2f (t2 — 2)t2dt
0 V2 V2

= 2]2(t4—2t2)dt = 2 2 = 2 S 4\E+@
5 15 35 5 3 b d
96 — 80 — 12V2 +20v2] [16+8vV2] 16(2++2) 16V2(vV2+1)
= 15 1= |° 13 T 15
Question 5:
% sin x
; 1+c052xdx
Answer 5:

L3 .
1 fz SINn X q
= X
o 14 cos*x
let cosx=t = -sinxdx =dt

T
Whenx =0,t = 1andwhenx=§,t=0

T

[ J‘E sin x ] f“ dt
= W
y L gostx ¢ &P

—_ -14.70 -1n __ -1 —_ i _E
= —[tan™t] { = —[tan™ 0 — tan™ 1] = [ 4] =
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Question 6:

Jz dx
0

x +4 — x?
Answer 6:
I_F dt _f dx _IZ dx
o X+4—x2 ) —(x2—x—4) 5 _(xz_x_l_i }f %)
J‘ _fz dx
= : X
x——— Tl 0 ‘\/ﬁ B __1_
[ ] I( ) ~(x-3)
Letx—5=t => dx={lt
1 3
Whensz,t=—-2- andwhenx=2,t=§
X 7
Therefore, sz o : 2=f1 _r 5
4 17 1 sl 1T .
(_2 ) ~{e—~g) (_2 ) —%
3
2
= log = —log
(A7) T\ V17, VI7| CV7_3 | V171
2 2 . 7 77 8Tty
V17 + 3 vi7-1] 1 \/1’+ \/ﬁ+1 1

1
——lo lo —
V17| gm—3 g\/17+1_ F F

1 20 + 417 ( \/_) L (5+v17)(5 -V17)
= §) 0
Vi7 °l20-avi7| v 25— 17 !
1 1 25+17+10\/— 1 [42 +10v17] 1 [21+5\/ﬁ'
= m— 00 | — :— _— — | | —
Vv B |~ V7 8 Vvl B
Question 7:
]'1 dx
_1 0 ¥ BB
Answer 7:

= —lo
\/ﬁ—1 V17 g_17+3—4\/ﬁ_

17 4+ 3+ 4417

dx

dx

1 dl’ 1 1
]—£1x2+2x+5_f_l(x2+2x+1)+4_f_l(x+1)2+(2)2

let x+1=t = dx=dt
Whenx = —1,t = Oandwhenx = 1,t = 2

e f_l(x ¥ 1;izx+ 2)? fn (t)?2 it(Z)z - B

=y —1_]
an >

1

= Emn_ll —itan"lo = % (—) =

2




Question 8:

Answer 8:

Let 2x =t = 2dx=dt
When x = 1,t = 2and whenx = 2,t = 4

1 1 12 2 11
I=f ( Z)Et d:fc::—f (——?)efdt=f (———z)etdt
, \x (b 2l Atk « \E ¢

1_ . 1
If?—f(t) then, f'(t) = ~ 22

= fz (- 2)etde = L ) + £ (O] de = [ (D)) = 2] -

t te t

~+ |
N
[~
S

Choose the correct answer in Exercises 9 and 10.

Question 9:
2
The value of the integral ff (x_;s)g dx is
3
(A) 6 (B)O (€)3 (D) 4

Answer 9:

Let x =sin#f = dx = cos @ dfb

1 _ 1 T
When x = 7 0 = sin~1 (5) and whenx =1, 0 =

2
i 1 1) 1 1
2 (sin@ —sin30)3 2 (sin8)3(1 — sin%0)3
= f — cos 0de = f 3 cos 8do
5:‘.71‘1(%) sin*@ SWI@) sin*@
T El T
] (cosf)3 2

T 1 2
fi (sinf)3(cosH)3
5

in=1(2) sin‘@sin%6

cos 8d6 =] :

cosec’ 8d6 =f2
i a
sin=1(3) (sin )3

5
(cot8)3 cosec? 8dB
il
sin ("3-)

Let cot@ =t = —cosec’0dl = dt

1 T
When 6 = sin™! (5),t = 2v/2 and when 6 =§= F=1

0 0

R

I : (t)% i = —[E (t)%]
- 242 18 2

:g[(\/ﬁ)g] =§[(B)§] :%[16] = xT=h

Hence, the correct answer is (A).
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Choose the correct answer in Exercises 9 and 10.


Question 10:

If f(x)= f:tsin t dt,then f'(x) is

(A) cosx + x sinx (B) x sinx
Answer 10:

fx)=] : t sint dt , Integrating by parts, we have

f(x) =t'[xsintdt—jx{(%t)fsintdt}dt
0 0

X

= [t(—cost)]j — f (—cost) dt

0

= f(x) = [—tcost +sint)|; = —xcosx + sinx
= f'(x) = —[{x(—sinx)} + cosx | + cos x

= XSInXx —cosx + cosx

= XSsinx

Hence, the correct answer is (B).

(C) x cosx

(D) sinx + x cosx




Mathematics

(Chapter - 7) (Integrals) (Exercise 7.10)
(Class - XII)

By using the properties of definite integrals, evaluate the integrals in Exercises 1 to 19.

Question 1:
T

2 ,
coS“x dx
0

Answer 1:

z

I:f cos’x dx (1)
0
L a a
2 T

J = [ C0S* (— — x) dx [Using property:j f(x)dx = J Fla —x) dx]
0 : 0 0
(A
2

l=f sin®x dx s (2]
0

Adding (1) and (2), we have

5
21 =f (sin‘x+cos®x) dx
0

T

2 U T T
21=f1dx 22l=[x]¢ =22=7 =I1=-
] 7 4
Question 2:
T
2 Vsin x g
X
o Vsinx ++/cosx
Answer 2:
s
2 VSsinx
[ = dx s (1)

o Vsinx ++/cosx
f% Jsin(g—x)
d Jsin(%—x)+\/cos(g—x)

n

r o 2 VCos X
- 0 Vcosx + vsinx
Adding (1) and (2), we have
T

- J’E( Vsinx VCos x ) ;
= | X
0 \Wsinx ++/cosx +cosx+Vsinx

3 Vsin x + +/cos x
21 =f dx
o \Vsinx ++/cosx

=4 =

dx Using property: jaf(x)dx = faf(a — x) dxl
_ 0 0

dx - (2)

T

7 u m
=>21=[1dx 21=[x]§ =>21=E = ['=
0

SN
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By using the properties of definite integrals, evaluate the integrals in Exercises 1 to 19.


Question 3:
T 3
2 sinz xdx
f dx

3 3
0 sin2 x + cos2 x

Answer 3:
18 3
7 sin2 x
I = f : — ix .. (1)
0 sin2x + cos2x
3
= sinz (—?2-1: — x) ' g o "
=f - 3 dx |Using property:J f(x)dx =f f(a—x)dx
0 sinz (i_ )+Cos§ (E—x) . 0 ‘ -
T 3
a2 CcoS2 X
{ = L 5 — X ik )

cos2 x + sinz x
Adding (1) and (2), we have

T 3 3 T
2 Sin2x + cos2 x .
21 = = 3 ax =2I=| 1 dx
U sin2 x 4+ cos? x 0
=z T T
= =k =22== =3]==
[ ]” 2 4
Question4:
Tt
3 co0s® x dx
[,
o SN X+ C0S° X
Answer 4:

[

, J'i cos® x dx - 1
~J, sin®x +cosS x * =)

z cos” (%— x) dx a a
- f = dx [Using property: f f(x)dx = f f(a—x) dx]
0 ) 0 0

5 (T 5 (T
Sin (2 x) + CO0S (2 X
Tr i
, J‘E sin® x dx ; 2)
= X
o €O5° x+sin®x

Adding (1) and (2), we have
T
5

2 sin® x + cos” x
21 = = ——dx =221=| 1dx
g COS°X+Ssin°Xx 0

L
2




Question 5:

f5|x+2| dx
Answer 5: -
] = IS lx + 2| dx
Here,(x + 2) < Oifx < =2and (x + 2) > Oif_;: > —2, therefore

-2 g b : b -
= f —(x+2)dx+f_2(:-:-l-2)dx [Usmg property: J:: F(x) = Lf(:r:) 4 Lf(x)_

-5
X - X >
I=——+2xl +[— +2x]
I _y

2
(=2)° —52 1 [(5) 2)° '
__|¢ )+2( -2) =3) 2(—5)+() +2(5) L +2(2)
| 2 _ 2 2 |
25 25
——[2—4——+10 [—+10—2+4]=—2+4+7—10I > F10—-2+4 =29
Question 6:
8
f\x—SIdx
2
Answer 6:
8
sz |x — 5|dx
2
Here, (x —5) < 0ifx < 5and (x —5) > 0ifx > 5, therefore
5 8 i b e b i
I:f —(x—S)dx+[ (x —5)dx Usingproperty:f Fia) = J. f(x)+ f f(x)
2 2 _ a a e _
5 5 5 8
= [x 5] +[x 5]1- s 2+10]+[32 40 25+25]—9
= lg LVl kT s 2 -
Question 7:
1
fx(l—x)"dx
0
Answer 7:

1 1
= f x(1—x)"dx = f (1-x)1-(1-x))"dx Usmg property: f f(x)dx = f fla—x)dx
0 0

1

1 1 » "xn+1 xn+2
=L(l—x)(x) dx=fﬂ(x X )dx=_n_|_1 2
71 1 _(n-I—Z)—(n-I—l)_ 1
_[n+1 n+2]_ m+1D0+2) Wm+1Dn+2)




Question 8:

Answer 8:

T
tanz —tan x

T
2

[ log(1 + tanx) dx
0

T
2

I = ] log(1 + tanx) dx . (1)
0

-Using property: faf(x)dx = faf(a —%) dx-
: 0 0 !

1—tanx
1+ tanx

T

0

m

2l = |& lngZ]E = 2l =

Question 9:

Answer 9:

2
I = f (2 — x)Vx dx
0

T
1+ tanztan xJ

7
]dx[ = j log
0

fiA
4 4
logde—f log(1+tanx)dx=f log2dx —1
0 0

dxl

I

2
(1+ tanx) o

|[From (1)]
Tlos2 ~1=-log?
ZOg = —g 0g
2
Jx\/Z—xdx
0

2
I's= [ xV2 — x dx
0

: . . _
Using property: J. f(x)dx = f f(a—x)dx
! 0 0 _

3 5
X2 x2
3/ \3
2 7 /1,

_8VZ 8VZ _ 40V2-242 1612

3 5 15

15




Question 10:

T

2
J (2logsinx — log sin 2x)dx
0

Answer 10:

it T
2 2
J= f (2logsinx — logsin 2x)dx = f {(2logsin x — log(2 sin x cos x) }dx
0 0
2
= f {(2logsinx — logsinx — log cos x — log 2) }dx
0
I = fz {(logsinx —logcosx —log2)}dx ..(1)
0
a a
Using property, {J o) o= J fla-— x)dx} , we have
0 0

I = fz {(logcosx —logsinx —log2)}dx ..(2)
0
Adding (1) and (2), we have

riA T

2 2
21=J2 (-log 2 — log 2)dx =>21=—210ng 1 dx

0 0

T I
o3 f o —1og2[-2-] =1 =2 (~log2)

| = log 2
::} —_—

Question 11:

It
2
sin“x dx

T
2
Answer 11:
=
S D
[ =] sin°x dx
B
2
Here,  sin‘(—x) = (sin(—x))* = sinx,therefore, sinx is an even function.

a a
We know that if f (x) is an even function, then f flx)dx =2 f f(x)dx
-a 0

T

‘g“ 2 1—cos2x
1=2f sinzxdx=2j dx
0 0

2
m m
f”ﬁ‘l 2l o I sinZx]z m ; T
--D( cos 2x) dx = |x 7 1, =27°773




Question 12:

f[ X dx
o 1+sinx

Answer 12:

e Toxdx {

_L 1+sinx .

e T (m—x)dx -U' N x = & 4
_L T+ sin(n — %) | smgproperty.J; f(x x-jﬁf(a x) dx
- (T —x)dx

=), Trsnx e

0

Adding (1) and (2), we have

T ardy
-
0

1 +sinx

o H f’"’ (1 —sinx) dx
— 7 (1+sinx)(1—sinx)

T1—sinx
=>21=ﬂrf : dx
g C0S%x

T

2l = ﬂff {sec’x —tanxsecx}dx = 2] =m [tanxsecx|]
0

>2I=nl2] =2il=nrn

Question 13:

T
2
J‘ sin’x dx
_m
2
Answer 13:
%
I= fﬁsin?'x dx kL
2

Here, sin’(—x) =
[(sin(=x))]” = (=sinx)*
= —sin’x,

Therefore , sin’ x is an odd function.

4]
We know that if f(x) is an odd function, then f f(x)dx =0
et /
T
2

Therefore, [ = f sinxdx =0

2




Question 14:

27
f cos’x dx
0
Answer 14:
21
= f cos’x dx ... (1)
0
We know that,
a
2a :
Zf x)dx if f2Qa—x)=f(x
‘ 0 if f(2a—-x)=—-f(x)
Here, cos® (2w — x) = cos’x
I
s ] = 2] cos°x dx
0
Now, cos”(mr—x) = —cos’x

x = 2(NH=0

Question 15:

7

2 SIinx —cos X
dx

0

1+ sinxcosx

Answer 15;
T

2 SInx—CoSXx
I = _ dx ..(1)
o 1+sinxcosx

- %sin(%—x)—cos (%—x) 1 [ [
= L T (%_x) — (%—x) dx _Usmg property.J; f(x)dx _L f(a—x) dxl

fﬁ COSX —SInx
0

1 + sinx cosx i ~L%)

Adding (1) and (2), we have

T

Z 0
ZI:f , dx =20 = =)
o 1+ sinxcosx

Question 16:
T
f log(1+ cosx) dx
0

Answer 16:

T
I = j log(1+cosx)dx ..(1)
0

| = J log(1 + cos(m — x)) dx Using pmperty:f f(x)dx = J‘ f(a—x)dx
0 _ 0 0 _




T
I = f log(1 —cosx) dx aufd)
0
Adding (1) and (2), we have

14 n

2] = f {log(1 + cos x) + log(1 = cosx)} dx = f log(1 — cos®x) dx
0 0

2] = J log(sin®x) dx = 2 f log(sinx) dx
0 0

= ['= f jrrI{}g(.&:i?’.',;!c) dx .. (3)
0

We know that,
a
2a .
ZJ f(x)dx if f(2a—x) = f(x)
f(x)dx = . /
- 0 it fl2a —2)=—f(x)
Here, sin(m — x) = sinx
2
=1 = ZJ logsinxdx ..(4)
0
T n
2 T 2
= f log sin (_— — x) dx = 2 J. log cos x dx - (5)
0 Z 0

Adding (4) and (5), we have

T

7 ;
ol = ZJ (logsinx +logcosx )dx =1 = f (logsinx +logcosx + log2 — log 2 )dx
0 0

T

2
= [ = f (log2 sin x cosx — log 2) dx
0

it it

2 2
=¢I=j Iog25inxcosxdx—f log2 dx

0 0

T

2
=9 =f log sin 2x dx — log 2 [x]
0

L]
2

T
= f log sin2x dx — =log 2
] 2

S N H

Llet 2=t = 2dx=dqt

Whenx=0,t=Oandwhenx=g-,t=n
1—1sz W HE SRR 2 = = [——iog 2
=3 : 0g Sin > 09 =3 20g

1L B NS s i
S5l =—glog > = —rlog




Question 17:

dx

“ Wx
L Vx ++va—x

Answer 17:

R
]_L\E—h/a—xdx . (1)

_ , . .
Using property: f f(x)dx = J f(a—x)dx|,we have
_ 0 0 _

R R
= %
oVﬂ—x+JE
Adding (1) and (2), we have
‘Nx+va-—x a a
2I:J‘\/_ v dx :>ZI:f1dx:>ZI:[x]§ =2 =4 D I==
0 VXx+va—x 0 2
Question 18:
4
flx—l\dx
0
Answer 18:
4
I:j|x—1|dx
0
Here, (x —1) < 0ifx < 1land (x —1) > 0ifx > 1, therefore
1 4 I b e b
1=f —(x—1)dx+ | (x—1)dx Usingproperty:f f(x) = J f(x)+ f f(x)]
0 1 L a a e
| x21+ a -4—1 GO R S SO
1 P AR 2T T2 27T

Question 19:
Show that f f(x)g(x)dx = 2] f(x)dx, if f and g aredefinedas f(x)= f(a—x) and
0 0

g(x)+gla—x) =4
Answer 19:

= | f@ewdx .

| = faf(a —x)g(a —x)dx [Using property: faf(x)dx = Jaf(a —x) dx
0 0 0

IzJ’ fx)gla—x)dx ..(2)
0

Adding (1) and (2), we have




2 = j (F)g() + f(x)g(a-)}dx =21 = f (Flg () + g(a - 0})dx

=% &l = fﬂf(x) X 4 dx |Given that: g(x) + g(a — x) = 4]
0

= ] = 2fﬂaf(x)dx

Choose the correct answer in Exercises 20 and 21.

Question 20:
T
2
The value of f H (x3dx + x cosx + tan®x + 1) dx is
2
(A) O (B) 2 (C)m (D)1
Answer 20:
7 z z 7 z
= fﬁ (x* +xcosx + tan’x + 1) dx = fﬂ x3dx+jnxc05xdx +JH tan®x dx + fﬁ 1dx
T2 @ 12 2 2
We know that,
a
. 2 f (x)dx if f(x)isan even function
| regax=4%)7
—a 0 if f(x)isan odd function
Z 4 2T
Therefore, I=0+0—I—0+2f1dx=2[x]§ abdal
0
Hence, the correct answer is (C).
Question 21.:
havlie of %l (4-I-35in;x.')d |
e value o ,L 08 (7 T3 cosy) 3% IS
3
(A) 2 (B) 7 (€) 0 (D) =2
Answer 21.
3
[_fil (4+35inx) r y
 ia " \a+3c0sx) - 1)
7 [4+3sin(5-x) | a a '
| = f log = dx Using property:[ f(x)dx =f f(a—x)dx
0 4 + 3 cos (7 — x) : 0 0 -
’_J‘%] (4+3c05x)d .
s e\ +3sinx) we i

Adding (1) and (2), we have,
T

51 fi {] (4+ 35inx) o (4+3cosx)}d 2) f
— = —
. S \&+3cosx) " 2 \4+3sinx /S 5

NI

(44 3sinx) (4+ 3cosx)
}dx

{log (4 + 3 cos x) 8 (4 + 3sinx)

=2l = J2logldx =1=0

Hence, the correct answer is (C).
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Mathematics

(Chapter - 7) (Integrals) (Miscellaneous Exercise)

(Class - XII)
Integrate the functions in Exercises 1 to 23.
Question 1:

1
X — "
Answer 1:
r 1 3 1
x—x3 x(1-x2) x(1-x)(1+x)
1 A B C

L >1=A01-x>)+Bx(1+x)+Cx(1—x)

. x(l—x)(1+x)=x I (1—x)+(1+x)

=1 =A—-—Ax% + Bx + Bx* +Cx — Cx*
Equating the coefficients of x?, x, and constant term, we have

-A+B-C=0, B+C=0 and A=1
On solving these equations, we have
1
A=1, B=§ and C=--

From equation (1), we have
1 1 1 1

x(l—x)(1+x)_;+2(1—x)_2(1—l—x)

1 1 1 1 1 1
Now, 1:fx(l—x)(1+x)dx:fzdx+§f(1—x)dx_zj‘[1+x)dx

1 1 1 1
= log |X\—§log |(1—I)|—§]0g\(1+x)|=log x| —log |(1—x)2|—log (1+x)§|
'll

| - +61(x2)§+c L o= + ¢

= Og 7 T — Gg — :_Og —
(1-x)2(1+x)2 1 —-x 2 7[1-x
Question 2:
1
Vvx+a+vx+b
Answer 2:
! 1 Vx+a-vx+b <Vx+a-vx+b x+a-vVx+b

\/x_-l-a+x/x+b=\/m+\/x+bx\/x-l-_a—\/x+b_(x+ﬂ)—(x+b)_ a—b

dx

1
= |
vx+a+vx+b
1
a—>b

f(\/x+a— x+b)dx

- : o
1 [(x+a)2 (x+b)2
a—b 3 3

2 2

2
~3(a-b)

(x+a)%-(x+b)%]+c
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Integrate the functions in Exercises 1 to 23.



Question 3:

: il Pl
Imi.rutx=—
xvax — x2 !
Answer 3:
—
= X
xvax — x2
a a
Let x = — = dx =——dt

t t?;
1 1 1 1 1
=——f dt = —— dt = ——[2vt— 1]+ C
a {2 t2 a \/t—l a
Vit t2
1| [a 2[va—x 2| [a—x
= =|2 J- = 1|4 € = =~ il e =¥
al Nx al +x a %
Question 4:
1
3
x%(x*+ 1)2
Answer 4:

1
I:f =0
x2(x*+1)2

Multiplying numerator and denominator by x =3, we have

3 3 3 3
R P+ D7 P+ DFO1 /xP+1) ¢ 1 1\72
IS Ty gl =gl
3. x2(x* + 1)% | 27 [x*) 4
1 4
Let x—4:f = —x—SdI:dt
. 1 o o dt
x> r = 4
_3
1 1 1y 4
IZJ. de=fx—5(1+ﬁ) dx
xe(x*+ 1)
1 _§d
=—=|(1+8)7F dt
L[+
T
.
__ya+os] 1(”?) >
4l 1 T4 1
4 i




Question 5:

Answer 5:

Let x =t° = dx=6tdt

0 L SR S . S
— T 1T xz( 1) T learo" Tl a+n”

X2 - 23 311 + x6

Dividing t* by denominator 1 + t, we have

I:f 11 dx:t'af{(tz—t+1) 1_1|_ }dtzﬁ( ) ( ):t-log\1+t|-
1 ]

1
x2 + x3
1 1 1

s
=2x2—3x3 6x6—610g(1+x6)+(]—2\/_ 3x3+6x6-610g(1+x5)+(]

Question 6:
X
(x + 1)(x? + 9)
Answer 6:
5x A Bx +C
Let . (1)

(x +1)(x? +9) (x+1) (x2 +9)
=25x=A(x*4+9)+ (Bx+C0)(x+1) =25x=Ax*+94A+Bx* +Bx+Cx+C

Equating the coefficients of x?, x, and constant term, we have
A+B=0(, B+C=5 and 9A+C=0
On solving these equations, we have

A= . B = : d C= i
Y
From equation (1), we have
X 9
5X —1 j 2

5 (x+ D(x2+9) 2(Ec n 19)) (x2 +9)
4 -1 X +
Now, ]=f(x+1)(x2+9) dx:f {2(x+1) | 2(;=c2+9)}dJE

. \+1|+1J - 'gf el
- 2] 2+ 9y T 2) e )

1 1
z—zlog \x+1\+—J

o g)dx+—f(x2 9)dx
91 X

1 1 1 3 X
= — — | — — = —— — Z — g
2]'ﬂg x4+ 1|+ log | %7 +9|+2 3tf,m 3+C 2l-::-g \x-|-1\+4]0g (x -I—9)-I—2tcm 3-I—C




Question 7:
sin x

sin(x — a)
Answer 7:

[_J‘ Sin x J
| sin(x — a) g
Let (x—a)=t = dx=dt

sin x sin(t + a) sintcosa + costsina
= [ g [0, |

, , _ dt
sin(x —a) sint sint

= f(cos a + cottsina) dt = tcosa + sinalog|sin t| + C;

= (x —a)cosa + sinalog|sin(x — a)| + C; = xcosa + sinalog|sin(x — a)| —acosa + C,

= sinalog|sin(x —a)|+xcosa+ C [Where C = C; —acosa]

Question 8:
ESEugx _ E4lugx

p3logx _ p2logx

Answer 8:

eSIugx _ e4lugx €4Iﬂgx(elugx - 1) ptlogx 4

— — e A ; mlogx — plogx™ _ .m
p3logx _ po2logx ezlugx(elugx = 1) pllogx 42 X [Smce . . X ]

3

eSngx = e4lﬂgx : ¥
dx= | x*dx=—+4C

Therefore, [ = f

eBlogx i Ezmgx 3
Question 9:
COS X
V4 — sin?x
Answer 9:
COS X
V4 — sin’x

letsinx =t = cosxdx = dt

dt Lt __, (Sinx
= dx=[ = sin (—)+C=sm (—)+C
V4 — sin’x V2% = (t)? 2 2

Question 10:

sin®x — cos®x
1 — 2 sin®x cos?x
Answer 10:
sin8x — cos8x (sin*x + cos™x)(sin*x — cos*x)

1 —2sinxcos?x  sin’x + cos?x — sSin?x cos?x — sin®x cos’x

(sin*x + cos*x)(sin®x — cos?x)(sin*x + cos*x)

 (sinx — sin?x cos2x) + (cos2x — sinZx cos2x)




(sin*x + cos*x) (sin®x — cos*x)

 sin?x(1 — cos?x) + cos?x(1 — sin?x)

(sin*x + cos*x)(sin*x — cos*x)
= = — C0S 2X

sintx + cos*x

——_ : sinx — cos®x y
erefore = _ —dx
’ 1 -2 sin?xcos?x

sin 2x
=f—(:052xdx= > -C
Question 11:
1
cos(x + a) cos(x + b)
Answer 11:
1
cos(x + a) cos(x + b)

Multiplying and dividing by sin (a — b), we have

B 1 ' sin (a— b) B 1 sin {(x +a)— (x +b)}
- sin (a—b) lcos(x + a) cos(x + b)I  sin (a—b) | cos(x + a) cos(x + b)

1 sin(x + a) cos(x + b) — cos(x + a)sin (x + b)

" sin (a—b)| cos(x + a) cos(x + b)
B 1 sin(x+a) sin(x+Db)] 1
~sin(a—b)lcos(x +a) cos(x+b)l sin(a—Dh) K --g) — g+ )]
1 1
Therefore, [ = f T + &) o+ B di = St [a— B) f[tan(x + a) —tan(x + b)]dx

cos(x + b)

og +C
sin (a — b) i cos(x + a)

[-log|cos(x + a)| + log|cos(x + b)|] + C =

~ sin (a—Db)

Question 12:

Answer 12:

Let x*=t = 4x3dx=dt
sz o =lf dt
V1—-x8 4Jy1-1¢?
1 1

= Zsin"lt +C = Esin"l(x“) +C




Question 13:
ex
(1+e*)(2+ e*)

Answer 13:

EI

(1+e*)(2+e*)

Lot e™=¢ =% o dx =dt

e’ dt 1 1
sz(l +ex)(2+le)dx=f(t+1)(r+2)=“(r+1) _(t+2)]dt
t+1 14+e*
= log|t + 1| — log|t + 2| 4+ C = log m|+€=log > T o7 +C

Question 14:

1
(x? + 1)(x2% + 4)
Answer 14:
1 Ax+ B | Cx+ D Y
(x2+1D)(x2+4) (x24+1) (x2+4) il

>1=UAx+B)(x*+4)+ (Cx+D)(x*+1)

51 =Ax3+4Ax + Bx* + 4B+ Cx3 + Cx + Dx* + D

2

Equating the coefficients of x*, x?, x and constant term, we have

A+C=0, B+D=0, 4A+C=0 and 4B+D=1

On solving these equations, we have

1
A=0, B:§, C =0 and ) = == =

From equation (1), we have
1 1 1

X2+ D2 +4) 3(x2+1) 3(x2+4)

1 1 1 1 1
Therefore, = | ——————dx == dx — = d
e f(x2+1)(x2+4) g 3f(x2+1) ’ 3f(x2+4) i

e et "1x+C—1t 1y ¢ Aoy
—-Banxg.zanz —Banxﬁanz

Question 15:

CDS?’xelﬂg Sinx

Answer 15:

I = f cos3xe!0BSINX gy — j cos>x sin x dx [Since elogx — x]

Letcosx =t =sinxdx = dt

f= jﬁdr— ft4+c— Cﬂs4x'c
B 2 4 4




Question 16:
E,Blngx(x4 £ 1)—1
Answer 16:

3lngx(x4 +1)—1 — ]ngx (x _|_1) -1 _

3

C(xt+1)

Since e'°8* = x|

Let x*4+1=t = 4x3dx = dt

I—j e3l08X (x4 4 1) 1d:v::—f(

x4+1)

= Elog\t\ € = Zloglx"1 + 1|4+ C = Elt}g(}f“1 +1)+E€

Question 17:
" (ax + b) [f(ax + b)]"

Answer 17: __
f'(ax+b) L_,‘f'{cm + f:r}Jh

Put. flax+b)=t= af'(ax+b)dx =dl

— J f'(ax +h]tf{u:-; -I-.!:]')JHHFI = ijf"a’!

l I'.J'.'-I ] . o
— — _ | + b +C
ﬂ_.ii'-+~l ﬂ[ri+l]tj (m-: ])

Question 18:

1

Jsind3xsin(x + a)

Answer 18:
1 1 1

Jsindxsin(x +a)  /sindx(sinxcosa+ cosxsina) +/(sin*x cosa + sin3x cos x sin a)

1 cosec?x

sin?xy/(cosa + cotxsina) +/ (cosa+ cotx sina)

Let cosa +cotxsina=t = —cosec’xsinadx = dt

cosec’x -1 (dt -1
1=[ dx=f dx =—— | —==—|[2Vt]+C
J sin3x sin(x + a) J/ (cosa + cot x sin a) sina) yt sina

-2 cos x sina
=——| [cosa+— +G
sina sin x
N
—2 [sinXcosa-+ cosxsina —2 [sin(x + a)

=— _ FC = — _ +C
SIIl SN X sina \ SINX




Question 19:

1—+x
y1+Vx
Answer 19:
1_
}e= \/de
J1+Vx
Letx = cos?0 = dx =-2sinfcosfdb
5 —
] fl_mg(z'a 0)d6 fzsmz('za)de ft 0 2sin6cos6 do
= —2sin 8 cos = — sin = — an— .2 sin 8 cos
‘41+CDSQ 2(:052% N\ 2
9 N
ﬂnj g 0 .29 _29 vl
= —2[ (2 sm—cos—) cosf@ db = —4fsm —cos B df = —4[31?1 — (2(:032—— 1) db
6 2 2 2 2 2
COS=
2
v, ¥, 6 v, 7, 6
_ N i L B R e " R .27
= 4[ (25‘.',?1 2605 > sin Z)dﬂ BJ.SITL 2f:os 2d9+4f5m Zdﬂ
e o B 1—cos2d 1—cosf
=—2]sm 6d9+4[5m Ed9=—2f( : )dﬂ+4f > df
3 2[9 Sin28] | 4[9 Sin9]+c
72 4 | "2 2
sin 26 sin 26
= —@ 4 - + 260 —2sinf +C =60+ - 2sinf@ +C
2 sin @ cos 6 |
=6 + ; —2sinf+C =0 ++1—cos20.cosf — 21 — cos?0 + C

=cos Wx+Vl—-xVx—-2v1l—-x+C = —2\/1—x+cos_1ﬁ+\/x(1—x)+6

= -2Vl —-x+cos WWx+(x—x2)+C

Question 20:
2 + sin 2x

ex
1 + cos 2x

Answer 20:

2 + sin 2x 2 + 2sinxcos x 1 4+ sinxcos x
I=f( )exdx=f( )exdx=f( )exdx
1+ cos 2x 2c05%x coS%x

= J.(seczx + tanx)e* dx

Let f(x) =tanx = f'(x) = sec®x

We know that: | = J{f(x) + f'(x)}e* dx

Therefore, [ = f(seczx tanx)e*dx =e*f(x) +C =e*tanx + C




Question 21:

x¢+x+1
(x+ 1)*(x + 2)
Answer 21:
- x“+x+1 _ A . B : C ()
(x+1)x+2) (x+1) ((x+1)?¢ (x+2)
+x+1 A+ D(x+2)+B(x +2) + Clx +1)°
Tt 12 (x+2) (x + D2(x + 2)

S>x2+x+1=Ax+1D(x+2)+B(x+2)+C(x%+2x +1)
Sxé+x+1=Ax*+3x+2)+Bx+2)+C(x“+2x+1)

S>x+x+1=(A+C)x*+BA+B+20)x+ (2A+ 2B + ()
Equating the coefficients of x4, x and constant term, we have

A+C=1, 3A+B+2C=1 and 2A+2B+C=1
On solving these equations, we have
A=-Z, B=1 and C=3
From equation (1), we have
*+x+1 Lt 3
(x+1)2%(x+2) (x+1) (x+1)7 (x+2)
Theref [ = x2+x+1d—zf1d3f1d+f1d
e ~ ) @12 +2) (x + 1) o x+2) ) Gz
1
=—21 1] + 31 2 C
og|lx + 1| + 3log|x + 2] (x+1)+
Question 22:
1 —~%
tan™1 T
J1tx

- Answer 22:

Letx =cos@ = dx= —sinf dé

)
sinf df = —j tan~tan—.sin 6 d6

v

2
2 EL: = o=
2008 5

_4 [1—cosé | -
[ = | tan  + cosO (—sinfdf) =— | tan
\

w
1 | 1 1 _
:—§J951n9 do = —5[9(—c059)—f1.(—c059) dQ] = 2[ 6 cos 8 + sin 6]

1 1 1 1 X 1
=-2—9c059 ——2-\/1—(:05'29 =§cos_1x.x—-—2—\/l —g il =§cos_1x—-2—\/1 ~ %%+ 0

= %(xcos'lx o xz) +C




Question 23:

vxZ+1 [log(x*+1) — 2log x]
e

Answer 23:
Vxz +1 [log(x*+1) —2logx] VxZ+1 Vx2 41 -1 (xz + 1)'
_ og

= = ——y [log(x*+ 1) — 2logx] = — =

R e e A R )

\ \
1 —2
Letl-l-—zzt :*—de—dt
X X
1 1 1 1 1
Therefore, =1 1+—210g(1—|- ——J\/_logtdt———JtZ.logtdt
XX 2
Integrating by parts, we have
3 3
F o v tft%dr {(dl t)jt%dt}dt]— ry flﬁdt
- T71% dt © 2 0g'§ t 3
2 2
= 1[251 L zft%dt] - Ztgl L : tg] 151 t - t%
- 237 T3 - 23R T T3 e T

3

i o =303 i)Yo

Evaluate the definite integrals in Exercises 24 to 31.

Question 24:

Answer 24:

T 1 —sinx T 1 — ZSiH% COS% i CUSEC? X
I=f ex( )dx=J e’ % dx=J e* cot— | dx

2 1 —gosa g Zsinzi 2 2 2

Let F(x) tx () ( 1 zx) 1 B
= — ey — = — -_] = - —_
et f(x Co - f(x zcosec ; 2cosec >

Therefore, [ = Lne" (f(x) + f’(x))dx

p.

ol - focof- o]
— |17.C00l—|_ = —|€ .CO0L—-— €+« COL—
2 2 4

2

T

T
= —le™ X O—Q'fxl]:ef
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Question 25:

T
fI SIN X COS X
0

_ dx
cos*x + sin*x
Answer 25:
T x  (Sinx cos)x n .
2 Sinxcosx z S Z tanx seccx
I = - —— dx = % —— dx = T adx
o CO0S*x + sin*x o (cos®x + sin*x) i TNt

costx

Let tan®x =t = 2tanx sec’xdx = dt

T
Whenx = 0,t = 0 and when x:z,tzl
1 (' dt 1 1 Ly
— —— —-1671 . L = —K e | pemay
I—ZL 3 Z[tc:m tls 2[tltm 1—tan 0] 2[4] -
Question 26:
T
IE COS°X ]
Jo cos?x + 4sin®x *
Answer 26:
T Fs T
I_fi cO5°X 2 _J‘E cos%x ’ _[E COS°x y
=), cosix +4sinZx ), costx +4(1—cos?x) ), cosix + 4—4cosix

T

=] %4—3605‘2.‘,‘(—46{ =] g4—3mszxd +1f? 4 ’
3 ), 4-3cosix T3 o 4—3cos‘x T3 o 4—3cos‘x .
T s T i
-1 Eld +1f§ dsec’x ; ! ild +1j§ dsec’x )
3 ) "M T3) dsectx—3 7 3 ), "3} a1 +tan*x) -3
Fi T
- -1 | ]g_l_ljf 4sec?y e T ZJ’E 2sec?yx . o
=g FETY L Teitmiz b Bl Thldgy kM
T
2 2sec’x .
Forf 5 dx let2tanx =t = 2secxdx =dt
g l+4tancx

T
Whenx =0,t =0 and x=-5,t=m

1T

2 2sectx J‘m dt
(% —=

o 1+4tan’x 5 1B

= [tan~1t]% = [tan" () — tan~1(0)] = g

2
55

Therefore from (1), we have




Question 27:

T
3Sinx + Cosx

dx
% Vsin 2x
Answer 27:
LY ¥ L ;
3sinx + cosx 3 sinx + cosx 3 sinx + cosx
[ = Xl = f xl = J. ax
z Vsin 2x T J—(=sin2x) = J—(=1+4+1—2sinxcosx)
T
SIn X + Cos x 3 sinx + cos x
I = dx = dx
Jl — (sin®x + cos*x — 2 sin x cos x) g \/1 — (sinx — cos x)*?

Let (sinx —cosx) =t

= (Ssihx —cosx)dx = dt

T 1-4/3 T v3—-1
Whenx—g,t ( ; )andwhenx—g,t—( : )
_f(%) dt
(158) V1- @7
faf()d Zfaf()d A - % theref “ functi
x) dx = x) dx S = erefore is an even function
-a 0 J1-(=0? V1=t V1 — t2
1./__.
(%) dt B £ Y BV
Therefore, I=2f = [2sin7't],* =2sin™"
0 1 —t? 2
Question 28:
J' X
0o V1+x—+x
Answer 28:
|, =
= X
o V1+x—+/x

- dx (~/1+x+\/_) fl\/1+x+\/:’_fdx
" iz (Arxvm) ) Trxa—x

1

=J:w/1+xdx-l—J; Vxdx = E(l +x)%L

» E (I)%]; = g[(ZJ%] +§[1]

2 3 222 42
:—(2)2 = - —
3 3 3




Question 29:

i g
42 8Inx +cosx

d
o 9+ 16sin2x g

Answer 29:
T

JI sinx + cosx
— X
o 9+ 165sin2x

Let sihnx —cosx =t = (cosx +sinx)dx =dt

T
When x =0,t = —1 and when xzz,tz()
Now, (sinx —cosx)? =t®> = sin’x+ sin’x —2sinxcosx = t> = 1—sin2x = t°

>sin2x=1-— t°

_—_— ; fD dt J'” dt fﬂ dt
erefore, = = =
9+ 16 — 16t 25 —16t2  )_, (5)% — (4t)?

—— —

_1[ 1 | 5+4tr B 1[] 1] -] |1|]_ 11 5
“4l205) oI5 —adll_ T a0l "8 T 9]l T 408
Question 30:
T
2
f sin 2x tan~(sinx) dx
0
Answer 30:
i &
2 ;
[ = f sin 2x tan~(sinx) dx = f 2sinx cosx tan™!(sinx) dx
0 0
Letsinx =t

= cosxdx =dt

T
Whenx=0,t=03ndwhenx=§,t= 1

Izzf ttan~t(t)dt ...(1)
0

2 2
Now jttan‘ltdt = tan"ltftdt—J{E(tan‘lt)ftdt}dt= tan‘lr.i—f ! .t dt
dt 2 14t 2

 ttan”'t 1ft2 t1-1
2 2J 1447
 ttan”'t 1{1 dt+1f L C ttan™'t 1 s
2 2 2)1+827 2 2 T2
DD t2tan't ¢ 1 _ T
=>I=2fttan tdt= 2| F-tan -t
; | 2 2 2 :

-1+ ~3B-il-3-




Question 31:
4
[ =14 1= 20+ 1 311
1
Answer 31;

4 4 4 4
I=f [|x—1|+|x—2\+|x—3|]dx=] |x—1|dx+f |x—2|dx+f |x — 3|dx
1 1 1 1

Let =1L+ + 15 o (1)
Where ]1=f14 lx — 1|dx, ]2=f14 lx —2|dx  and 13=f14 Ix — 3|dx
4
11=J. |lx — 1|dx
1
Here, (x—1)>0ifx >4
¢ 2 1 1 9
L = —1)dx = |[—— =[8—4 :1]=— _
=), o= 2o o+ = (2)
4
Iz=j jx —2| dx
1
Here, (x—2)>0ifx>2 andx—-2<0ifx < 2
2 4 r Pp2T* Tyl 4
Izzf (2—x)dx+f (x —2)dx=|2x——| + ——le
1 2 | o PR 2
I—[4 2—2 1+[8 8 2+4]—1+2—5 3
£ 2 BV 2 slh)
4
Ing |x —3|dx
1
Here, (x—3)>0ifx>3 andx-3<0ifx <3
3 4 ' x2'3 32 4
Ing (3—x)dx+f (x—=3)dx=|3x——| + ——BxI
1 3 : o PR 3
I—[9 > 3+1]+"8 12 9+9]—[6 4]+[1]-5 %
17 2 21 | 2 1 7)=7 &
From equations (1), (2), (3), and (4), we have
9 5 5 19
_ . ==+ -+t ==—
Prove the following (Exercises 32 to 37) z 2 2 2
Question 32:
prove the following: | —- =2 +log
rove the following: 1 2+ 1) 3 0g 3
Answer 32:
]_f3 dx
) x2(x+ 1)
Fah 1 A B C Ax(x + 1)+ B(x + 1) + Cx?
e | : AN

;1:2(,'r<:+1):x';1f2 x+1 x%(x + 1)
51=Ax(x+1)+B(x+1)+C(x*) =1=Ax*+ Ax+ Bx + Cx*
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Equating the coefficients of x2, x and constant term, we have

A+C=0, A+B=0 and B=1
On solving these equations, we have
A=-1, B=1 and C=1
1 -1 1 1
=—+—+

x¢(x+1) x x¢ x+1

I=J-3{—E+i+(xil)} dx = [—logx—1+10g(x+ 1)]3 =[log (x+1) —Er
1 1 1

X X2 X X X
= | (4) : l (2)+1—1 4 —log3 —1 2+2—l (2)+2
—033 2 081 = 108 0g 08 3—083 2
Hence, the result is proved.

Question 33:
1
Prove the following: f xe*dx =1
0
Answer 33:
1
I = f xe*dx
0

Integrating by parts, we have

]=xflexdx—fl[%(x)fex dx}dx
0 0

= [xe*]; — [e*]s=e—e+1 =1

Hence, the resultis proved.

Question 34:
1

Prove the following: f X eos xdx =0
=1

Answer 34:

1
[ = f xV cos*x dx

-1
Let f(x) = x'cos*x

Therefore,  f(—x) = (—x)cos*(—x) = —x'7cos*x = —f(x)
Therefore, f(x) is an odd function.

We know that if f(x) is an odd function, then ffﬂ f(x)dx =0

1

Therefore, [ = f xYcost*xdx =0
1

Hence, the result is proved.




Question 35;

T
2

Prove the following: f sin®x dx = 5
0

Answer 35:

T T

A
2

A
7, 2, 2 . .
[ = sin°xdx = sin“x sinxdx = (1 —=cos“x) sinxdx =
0 0 0 0

4
2

sinx dx —f cos?x sin x dx

_ s :
| cas3x2_1+1[ =1 1 2
13l *FT T3 3

Hence, the given result is proved.

SN E

I = |—cosx]

Question 36:

[

Prove the following: f ' 2tan®x dx = 1 — log 2
0

Answer 36:
A A

T
4 4 4
I f Ztan x dx = ZJ- tan’x tanx dx = f (sec’x — 1) tan x dx
0 0 0

T
T 1 tan’x|* R
=f (sec’x tanx)dx—Zf tan x dx = 2 > + 2[logcos x];
0 0 1p
(1-0)+2|l s— —log cos 0 1+2b R 4 1 —log2—0=1-log?2
= (1 — og cos— — log cos 0| = og——logl|=1-log2-0=1-1lo
8 4 g g\@ 8 = &

Hence, the result is proved.

Question 37:

1

T
Prove the following: f sin “wix = 2~ 1
0

Answer 37:
1 1
sz sin"1x dx =f sin"lx.1dx
0 0

Integrating by parts, we have

L 1 1 7 (—2x)
| = [xsin™ %]t —f x dx = [esin~ 1% +— dx
| I 0o V1 — x? | I 2J)y V1 — x2

Let 1—x*=t =—=2xdx=di
Whenx =0,t =1andwhenx=1,t=0

1 (%dt 1
I = [xsin™1x]§ + EL ] = [xsin™1x]§ + 5 [2\/5]2
=sin (1) + [—\/ﬂ = g— 1

Hence, the result is proved.




Choose the correct answers in Exercises 38 to 40

Question 38:

(A) tan™*(e®) + C
(C)tan(e* —e™*) +C
Answer 38:

[
Let e* =t

= efdx = dt

[

f

Hence, the correct answer is (A).

Question 39:
-1
(A) SINX+Cos X Te
(C) log|sinx — cosx| + C
Answer 39:
I COoS 2x 7
= X
(sin x + cos x)?
cos®x — sin’x p
= X
(sinx + cos x)?2
(cosx + sinx)(cos x — sin x)
== : dx
(sinx 4+ cos x)*
(cosx — sinx)
=] = : —dx
(sinx + cosx

Let sinx+cosx=1t

= (cosx —sinx) dx = dt
dt
I=f?-|-C=log\t\+C

= log|cos x + sinx| + C

Hence, the correct answer is (B).

dx |
fex+e‘-"' is equal to
(B) tan ' (e™) + C
(D) tan(e* +e™*) +C
- [ [
" evex T Jemt1 ™

dt ; ;
= gt = fan (@) -+

1+ t?

Cos 2x
dx

IS equal to
(sinx + cos x)? 1

(B) log|sinx + cosx| + C

(D)

1
(sinx+cosx)?
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Question 40:

b
If fla+b—x)=f(x), thenf xf(x)dx is equal to

(A) 22 [ f(b—x)dx (B) 22 J, f(b+x)dx
Q=2 J; f(x)dx (D) == [ f(x)dx
Answer 40:

1=f xf(x)dx  ..(1)

-

b b -
[ Using property: f fixidx = J’ fla+ b —x)dx

b
f (a+b=x)f(a+b—x)dx

b
!=f (a+b—x)f(x)dx
b
I=(a+ b)f (x)dx — 1 [From (1)]
b
:>1+I:(a+b)f (x)dx

b
L 20 = (a +b)f (x)dx

= | = (a -2|- b) f:(x)dx

Hence, the correct answer is (D).




