Mathematics

(Chapter - 6) (Application of Derivatives) (Exercise 6.1)
(Class - XII)

Question 1:

Find the rate of change of the area of a circle with respect to its radius r when

(a) r = 3cm (b)r=4cm
Answer 1:

Area of circle with radius r is given by A = 7rr?

Therefore, the rate of change of A with respecttor = 2= 2nr

dr
(a) When r = 3 ¢m, we have % = 67

Hence, the area of circle is changing at the rate of 6T cm?/cm.
(b) Whenr = 4 cm, we have j—f = 8n

Hence, the area of circle is changing at the rate of 8T cm? /cm.

Question 2:

The volume of a cube is increasing at the rate of 8 cm3/s. How fast is the surface area increasing when

the length of an edge is 12 cm?

Answer 2:
Let the length of edge of cube = x ¢m, therefore, the volume of cube V = x°*
So, the rate of change of V with respectto t = Z: =.3x" i—:
Given that: i—: = 8 cm3 /s, therefore, 8 = 3x?2 s
dx _ 8
T 3x s L]
Surface area of cube S = 6x?
The rate of change of § with respecttot = g = 12xg
Putting the value of % from equation (1), we have
ds - 8 32
—_— X— = —
dt a:

dS 32 8

Whenx = 12 cm, we have — = — = -
dt 12 3
. . 8
Hence, the surface area increasing at the rate of = cmz/s.

Question 3:
The radius of a circle is increasing uniformly at the rate of 3 cm/s. Find the rate at which the area of the
circle is increasing when the radius is 10 cm.

Answer 3:

Let the radius of circle = r ¢m, so area of circle with radius r is given by 4 = nr

Therefore, the rate of change of A with respectto t = i—’: = 2:’1‘?‘.% =2nrr.3 = bnr

When r = 10 ¢m, then % = 6m.(10) = 607 cm?/s

Hence, the area of circle is increasing at the rate of 607 cm?/s.
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Question 4:

An edge of a variable cube is increasing at the rate of 3 cm/s. How fastis the volume of the cube increasing
when the edge is 10 cm long?

Answer 4:
Let the side of the cube = x ¢m, therefore, the volume of cube V = x°

The rate of change of I/ with respecttot = % = 3x° Z—f

Given that: the side of the cube is increasing at the rate of 3 cm/s, therefore, -‘:i—t = 3x°(3) = 9%°

When x = 10 cm, then ‘;—“; = 9(10)2 = 900 cm3/s
Hence, the volume of the cube is increasing at the rate of 900 cm?/s.




Question 5:

A stone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s. At the instant when
the radius of the circular wave is 8 cm, how fast is the enclosed area increasing?

Answer 5:
Let the radius of circle = r cm

Area of circle with radius r is given by A = nr?

Therefore, the rate of change of A with respecttot = i—’: = Zm“.g = 2nr.5 = 10nr

When r = 8 ¢m, then % = 10m.(8) = 80w cm*/s
Hence, the enclosed area is increasing at the rate of 80w cm?/s.

Question 6:
The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of increase of its circumference?
Answer 6:

Let the radius of circle = r cm, Circumference of circle C = 2nr

dac

Therefore, the rate of change of C with respectto t = F 22&’.% = 2m.(0.7) = 1.4n

When r = 4.9 cm, then % =14 =14 X % =44 cm/s

Hence, the circumference is increasing at the rate of 4.4 cm/s.

Question 7:

The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is increasing at the
rate of 4 cm/minute. When x = 8 cm and y = 6 cm, find the rates of change of (a) the perimeter, and (b)
the area of the rectangle.

Answer 7:
Length of rectangle = x cm and breadth = y cm
Given: g = —5 cm/min and i—f = 4 cm/min

(a) Perimeter of rectangle P = 2(x + y)

Therefore, the rate of change of P with respecttot = % = 2 (% + g) =2(—=54+4) = -2 cm/min

When x = 8 cm and y = 6 cm, then i—': = —2cm/min

Hence, the perimeter is decreasing at the rate of 2 cm/min.
(b) Area of rectangle A = xy

dA _ dx dey

— 2 [
Sl 1 dt——5y+4xcm /min

Therefore, the rate of change of A with respecttot =

Whenx=86mandy=6cm,theni—‘:=—5><6+4><8=2¢:m2/min

The area of rectangle is increasing at the rate of 2 cm?/min.

Question 8:
A balloon, which always remains spherical on inflation, is being inflated by pumping in 900 cubic
centimetres of gas per second. Find the rate at which the radius of the balloon increases when the radius
Is 15 cm.

Answer 8:
Let the radius of spherical balloon = r cm therefore the volume of balloon V = i;-?rr3

Therefore, the rate of change of V with respecttot = Z—: = g:rr. 3= % = 900 = 4nr* %
When r = 15 ¢m, then 900 = 4?1’(15)2E oy By TR oo cm/s
dt di 4TtX225 T

: .. : 1
Hence, the radius of balloon is increasing at the rate of - cm/s.




Question 9:

A balloon, which always remains spherical has a variable radius. Find the rate at which its volume is
increasing with the radius when the radius is 10 cm.
Answer 9:

Let the radius of balloon = r cm, therefore the volume of balloon V = gm‘3
dV 4

Therefore, the rate of change of V with respecttor = =R 3r® =dnpr*
When r = 10 cm, then % = 41(10)? = 400 cm?/cm

Hence, the volume of balloon is increasing at the rate of 400w cm3/cm.

Question 10:
A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the ground, away from

the wall, at the rate of 2cm/s. How fast is its height on the wall decreasing when the foot of the ladder is
4 m away from the wall? A
Answer 10:

In figure, AB is wall and AC is ladder. Let, BC = x and AB = y.

Given: g =2cm/sand AC = 5cm

In triangle ABC, AC?> = AB? + BC? = 25 = y? + x?
Whenx = 4cm,then 25=y*+16 =2y =9 =y=3

Differentiating with respect to t, we have 0 = Zy% + 2x%
When x = 4 cm and y = 3, then, 0 = 2(3)%+ 2(4)(2) = -‘;—f e e cm/s

Hence, the height is decreasing at the rate of g cm/s.

Question 11:
A particle moves along the curve 6y = x3 +2. Find the points on the curve at which the y-coordinate is

changing 8 times as fast as the x-coordinate.

Answer 11:

- Ay _ gdx
Given that: - 8 = sl L]
and 6y = x> + 2 (2]
Differentiating with respect to t, we have

&Y _. 5,205
6-==3x"— I

Solving (1) and (3), we have

. de)_B de
( at) = 2% ar

= 3x° =48

=%x* =16 = x =14

[f x = 4, then form equation (2), we have
6y =434+2 =6y=66 >=>y=11,
Therefore, the point = (4,11)

I[f x = —4, then from equation (2), we have

6y =—4°+2 =6y =—62 =Y = —%,therefore, the point = (—4, —?)

Hence, the required points are (4,11) and (—4, ~ 2—1)




Question 12:
The radius of an air bubble is increasing at the rate of é—cm/s. At what rate is the volume of the bubble

increasing when the radius is 1 cm?

Answer 12:
Let the radius of bubble = r ¢cm, therefore the volume V = %mﬂ
Therefore, the rate of change of V with respectto t = % = %n. 3r* % = 4mr? G) = 29"

When r = 1 ¢m, then Z—I': = 2n(1)? = 2w cm3/s

Hence, the volume of the bubble is increasing at the rate of 2m cm?/s.

Question 13:
A balloon, which always remains spherical, has a variable diameter %(Zx + 1). Find the rate of change of

its volume with respect to x.
Answer 13:

3
Radius of balloon = %(Zx + 1) cm, therefore volume V = %ﬂ' E (2x + 1)]

2
Therefore, the rate of change of V with respect to x = L= %n. 3 E (2x + 1)] %(2) = 28—??1"(23( + 1)°

dx

Hence, the rate of change of volume of balloon is %‘R‘(ZI + 1)2.

Question 14:
Sand is pouring from a pipe at the rate of 12 cm3/s. The falling sand forms a cone on the ground in such

a way that the height of the cone is always one-sixth of the radius of the base. How fast is the height of the
sand cone increasing when the height is 4 cm?
Answer 14:

Let the radius of cone = r cm and height = h cm

Given that: The rate of change of Volume V = g =12cm?/sand h = %r

Volume of cone V = —i;:rrrzh = %n(ﬁh)zh = 12mh3

Therefore, the rate of change of V with respecttot = % = 12m.3h? %
= 12 = 36 hzdh =>dh—- .

IR dt 3mh?
When h = 4 cm, then - A S cm/s

dt 3m(4)? 481

Hence, the height of the sand cone is increasing at the rate of;;—n cm/s.

Question 15:

The total cost C(x) in Rupees associated with the production of x units of an item is given by
C(x) =0.007x3 - 0.003x% + 15x + 4000.
Find the marginal cost when 17 units are produced.

Answer 15:
Total cost C(x) = 0.007x3 — 0.003x° + 15x + 4000

Therefore, the marginal costi—z = 0.021x% — 0.006x + 15

When x = 17, then 25 = 0.021(17)% — 0.006(17) + 15 = 6.069 — 0.102 + 15 = 20.967

dx
Hence, the marginal cost is 20.967, when 17 units are produced.




Question 16:
The total revenue in Rupees received from the sale of x units of a product is given by

R(x) = 13x% + 26x + 15.
Find the marginal revenue when x = 7.

Answer 16:
Total revenue R(x) = 13x% + 26x + 15
Therefore, the marginal revenue j—i = 26x + 26
When x = 7, then <& = 26(7) + 26 = 182 + 26 = 208

dx
Hence, the marginal revenue is 3208, when x = 7.

Choose the correct answer in the Exercises 17 and 18.

Question 17:
The rate of change of the area of a circle with respect to its radius ratr =6 cm is:

(A) 107 (B) 12m (C) 8w (D) 11w
Answer 17:

Area of circle A = nr?,

dA

The rate of change of A with respecttor = e — T 2r = 2nr

2

When r = 6 cm, then % = 21(6) = 12m —.

cm
Hence, the option (B) is correct

Question 18:
The total revenue in Rupees received from the sale of x units of a product is given by

R(x) = 3x2 + 36x + 5.
The marginal revenue, when x = 15 is
(A) 116 (B) 96 (C) 90 (D) 126
Answer 18:
Total revenue R(x) = 3x% + 36x + 5,

L

= : R
herefore, the marginal revenue j—x = 6x + 36

When x = 15, then == = 6(15) + 36 = 90 + 36 = 126.

Hence, the option (D) is correct.




Mathematics

(Chapter - 6) (Application of Derivatives) (Exercise 6.2)
(Class - XII)

Question 1:

Show that the function given by f(x) = 3x + 17 is strictly increasing on R.
Answer 1:

f(x) =3x+17 = f'(x)=3>0, Forallx eR

Therefore, the function is strictly increasing on R.

Question 2:

Show that the function given by f(x) = e?¥ is strictly increasing on R.
Answer 2:

flx) =% = f'(x) =2e%** >0, Forallx eR

Therefore, the function is strictly increasing on R.

Question 3:
Show that the function given by f (x) = sin x is

T m

(a) strictly increasing in (0, E) (b) strictly decreasing in (E’ IT)

(c) neither increasing nor decreasing in (0, ).
Answer 3:
f(x) =sinx = f'(x) = cosx
T

(a) f'(x) =cosx >0, Forallxe (0,5)
Therefore, the function is strictly increasing on (0, E)
(b) f'(x) =cosx <0, Forallx€ (gn)

Therefore, the function is strictly decreasing on G, n).

(c) f'(x) =cosx >0, Forallx e (O,E) and f'(x) =cosx <0, Forallxe (E,TE)
Therefore, the function is neither increasing nor decreasing on (0, m).

Question 4:

Find the intervals in which the function fgiven by f (x) = 2x% - 3x is

(a) strictly increasing (b) strictly decreasing
Answer 4:

f(x) = 2x%—3x = f'(x) =4x -3

Iff'(x)=0 = 4x—3=0 = x =2

4
(a) f'(x) =4x -3 >0, Forallx € G t:ﬂ), therefore, the function is strictly increasing on G m).

(b) f'(x) =cosx <0, Forallx€ (—m, E), therefore, the function is strictly decreasing on (—m, ;)

Question 5:
Find the intervals in which the function fgiven by f(x) = 2x3 - 3x2 - 36x + 7 is

(a) strictly increasing (b) strictly decreasing
Answer 5:
f(x)=2x>-3x*-36x+7 = f'(x)=6x*—-6x—36=6(x*—x—6)) =6(x—3)(x+2)
Iff'(x)=0 = 6(x—3)(x+2)=0 =S F=—73
x = —2 and x = 3 divides the real number line into three intervals (—o0, —2), (—2,3) and (3, o).
Intervals Sign of f'(x) Nature of the function f
(—o0,—2) (=)(=)>0 f is increasing
(—2,3) (=)(+) <0 f is decreasing
(3, 00) (+)(+) >0 f is increasing

(a) Function f is increasing on (—oo,—2) and (3, o).
(b) Function f is decreasing on (=2, 3).




Question 6:
Find the intervals in which the following functions are strictly increasing or decreasing:

(a) f(x) = x2 +2x + 5 (b) f(x) = 10 — 6x — 2x2
(c) f(x) = —-2x3—9x* —12x + 1 (d) f(x) = 6 —9x — x?
(e) f(x) = (x+1)°(x — 3)°

Answer 6:
(@) f(x) =x*+2x+5 = F{x) = 2x+ 2
Iff'(x) =0 = 2x+2=0 =5 ¥=—]

f'(x)=2x+2<0, Forallx € (—o,—1), therefore, the function is strictly decreasing on (—oo,—1).
f'(x)=2x+2>0, Forallx € (—1,), therefore, the function is strictly increasing on (—1, o).

(b) f(x) = 10 — 6x — 2x° = f'(x) = —6 — 4x

Iff'(x) =0 = —6—4x =0 =>x=—%

f'(x)=—6—-4x>0, Forallx€ (—m, —%), therefore, the function is strictly increasing on (—m, = g)

f'(x)=—6—-4x <0, Forallx€ (—-%, m), therefore, the function is strictly decreasing on (— - m).

(c) f(x) =—=-2x>—-9x* —12x + 1
= f'(x)=—-6x*—18x—-12 = —6(x*+3x+2)) = —-6(x+2)(x + 1)
Iff'(x)=0 = —6(x+2)(x+1)=0 >x=-2,—-1

x = —2 and x = —1 divides the number line into three intervals (—c0,—2),(—2,—1) and (—1, o).
Interval Sign of f'(x) Nature of f
(=00, —2) (=)(=)>0 f is increasing
(-2,-1) (+)(-) <0 f is decreasing
(—1,0) (+)(+) >0 f is increasing

Function f is increasing on (—oo0,—2) U (—1, ) and decreasing on (—2,—1).

(d) f(x) = 6 —9x — x* = f'(x) =-9—2x

If f'(x) =0

9
= —9-=2x=0 =>x=——2-

f'(x)==-9-2x>0, Forallxe€ (—m, —-2-), therefore, the function is strictly increasing on (—m, - g)

f'(x)=-9-2x <0, Forallx € (-—-%, m), therefore, the function is strictly decreasing on (-—2, m).

(e) f(x) = (x +1)°(x — 3)°
= f'(x) = 3(x + 1)2(x — 3)3 + (x + 1)3.3(x — 3)?
=3(x+1)*(x—3)*(x—-3+x+1)=3(x+1)*(x—3)*(2x —2) = 6(x + 1)*(x — 3)*(x — 1)

If Fiix)=10
= 6(x+1)*(x—-3)%(x—-1)=0
= X=—al., 1,3
x = —1,x = 1and x = 3 divides the number lines into four intervals (—o0,—1),(—1,1), (1,3) and (3, o).
Intervals Sign of f'(x) Nature of f
(—o0,—1) (H)(+H)(-) <0 f is decreasing
(—1,1) (H)(+)(—) <0 f is decreasing
(1,3) (+)(+H)(+) >0 f is increasing
(3, ) (H)(+H)(H+) >0 f is increasing

Function f is decreasing on (—o0, 1) and increasing on (1, o).




Question 7:

Show that y = log(1 + x) 22; ,x > —1, is an increasing function of x throughout its domain.
Answer 7:
~ log(1 + x) — ——
¥ =108 T3 + X
dy 1 (2+x).2 —2x(1) 1 4 (2+x)°—4(1+x)
—_ — = —_— —
dx 1+x (2 + x)*° 1+x (2+ x)° (14 x)(2+ x)?
dy 4+ %5 +3%—4— 4% Xt

= — = —
dx (14 x)(2+ x)? (1+ x)(2+ x)?
x? > 0and (2 + x)* > 0, as these are perfect squareand (1 + x) > 0asx > —1.

Therefore, j—i > 0,if x > —1. Hence, the function is increasing throughout its domain.

Question 8:

Find the values of x for which y = [x(x - 2)]? is an increasing function.
Answer 8:

y=[x(x-2)]* = % = 2[x(x — 2)]-;—x[x(x —2)] = 2[x(x — 2)](2x — 2) = 4[x(x — 2)(x — 1)]

If f'(x) =0 = 4[x(x-2)(x—-1)] =0 % =01, 2
x = 0,x = 1and x = 2 divides the number line into four intervals (—c0,0), (0, 1), (1,2) and (2, o).

Intervals Sign of y'(x) Nature of y
(—oc0,0) (-)(-)(-) <0 f is decreasing
(0,1) (+)(-)(-)>0 f is increasing
(1,2) (+)(=)(H+) <0 f is decreasing
(2, ) (H)(+H)(+) >0 f isincreasing

Function y is increasing on (0,1) U (2, ).

Question 9:

Prove thaty = e @, is an increasing function of 8 in ’U,El.
(2 + cos 6) 2

Answer 9:

~ 4sinéd 8
Y= (2 + cos @)

dy (2+cosB).4cos8 — 4sin08(0—sin0) ' 8cos@ + 4cos?0 + 4sin“ 0 — (2 + cos 8)?
= — = —

dé (2 + cos 6)? (2 + cos 8)?

dy 8cosO@+4—4—cos’0—4cosf® 4cosh —cos’8 cosO (4 — cosB)
- — = — —

dé (2 + cos 8)? (2 + cos 8)? (2 + cos 8)?

(2 + cos8)% > 0, as it is a perfect square. cos@ > 0as 0 € [0,;].
(4 — cos8) > 0,because 0 < cosf < 1,forall@ € [0,—3.
Therefore, £y > (,if@ € [0, E].

de 2

Hence, y is an increasing function of 6 in [0, E]

Question 10:

Prove that the logarithmic function is strictly increasing on (0, oo).
Answer 10:

f(x) =logx =>f’(x)=i:>0, For all x € (0, o).
Therefore, the function is strictly increasing on (0, o).




Question 11:
Prove that the function fgiven by f (x) = x* - x + 1 is neither strictly increasing nor strictly decreasing on (-

L, B

Answer 11:
fxX)=x*—x+1 = f'(x) =2x -1
lff’(x)-:() = Z2x—1=0 ::)x—_-%

x = = divides the interval (—1,1) into two intervals (—1, l) and (1, 1).
2 2 2

f'(x) =2x—-1<0, Forallx € (—1,% ), therefore, the function is strictly decreasing on (—1

| =

'2 )
f'(x)= % >0, Forallx € (-;—, 1), therefore, the function is strictly increasing on G, 1).
Therefore, the function is neither increasing nor decreasing on (—1, 1).

Question 12:

Which of the following functions are strictly decreasing on (O, g)?

(A) cos x (B) cos 2x (C) cos 3x (D) tan x
Answer 12:
(A) f(x) =cosx = f'(x) = —sinx

f'(x) =—sinx < 0,Forall x € (0, —E), therefore, the function is strictly decreasing on (0,5).
(B) f(x) =cos2x = f'(x) =—2sin2x
Ifx € (U,?—ZT-), then 2x € (0, ), butsin 2x > 0 if 2x € (0, ). Therefore, —sin 2x < 0if 2x € (0, m).

T T

f'(x) =—2sin2x < 0,Forall x € (O’E)’ therefore, the function is strictly decreasing on (0, E)'
(C) f(x) =cos3x = f'(x) =—-3sin3x
If x € (Ug) then 3x € (0, B?H) butsin3x > 0if3x € (0,m). So,—sin3x < 0if3x € (0,m) orx € (DE)

[

f'(x) =—2sin3x <0,Forallx € (O,g), therefore, the function is strictly decreasing on (0, E)'

sin3x < 0if3x € (n,%n), therefore, —sin3x > 0if3x € (n', 3?::) orx € G,g)

f'(x)=-2sin3x > 0,Forallx € (gg) therefore, the function is strictly increasing on (gg)

Hence, the function is neither increasing nor decreasing on (O,E).
(D) f(x) =tanx = f'(x) =sec’x
f'(x) =sec?x >0,Forallx € (O,E), therefore, the function is strictly increasing on (D,E).

Therefore, cos x and cos 2x are decreasing on (0, g) Hence, the option (A) and (B) are correct.

Question 13:
On which of the following intervals is the function f given by f(x) = x'° + sin x -1 strictly decreasing?

(A) (0, 1) (8) (3,m) (©) (0.5) (D) None of these

Answer 13:
f(x)=x1%+sinx—1 = f'(x) = 100x*° + cos x
(A) 100x°° > 0 and cos x > 0, For all x € (0, 1), therefore, the function is strictly increasing on (0, 1).
y g

(B) 100x°? > 0 and cosx < 0, Forall x € (g H)J But 100x°? > cos x, for all x € (gn)

Therefore, f'(x) = 100x°° + cos x > 0, therefore, the function is strictly increasing on (g, TI).

(C) 100x°° > 0andcosx > 0, Forall x € (O,E), therefore, the function is strictly increasing on (0, E)

Hence, is function is not decreasing in the given intervals.
Hence, the option (D) is correct.




Question 14:

For what values of a the function f given by f(x) = x> + ax + 1 is Increasing on

[1,2]?

Answer 14:
f(x) =x*4+ax+1
= f'(x)=2x+a
But f is increasing on (1, 2)
a

= f'(x)>0 =2x+a>0 s Flas

Here, x > —g whenx € (1,2)orl < x < 2,

Therefore, for the least value of a, when the function is increasing on (1, 2), we have

——=1 =Da=-2
2

Question 15:

Let I be any interval disjoint from (-1, 1). Prove that the function f given by f(x) = x —I-% is strictly
Increasing on |.

Answer 15:

1 , 1 x*—-1 (x—-1Dxx+1)

f(x)-x+; #f(x)—x—ﬁ . 22

Iff'(x)=0

= (x—1D(x+1)=0

= x==1,1

x = —1 and x = 1 divides the real value into intervals (—o0,—1),(—1,1) and (1, ).

Only (—o0,—1) and (1, =) are disjoint from (- 1, 1).
Intervals Sign of f'(x) Nature of f
(—o0,—1) (=)(—=) >0 f is strictly increasing

(1, ) (H)(+H)H+)>0 f is strictly increasing

Function f is increasing on (—o0,—1) U (1, o).
Hence, the function f is strictly increasing on interval I.

Question 16:
Prove that the function f given by f (x) = log sin x is strictly increasing on (Og) and strictly decreasing

T
on (%, 7).
2

Answer 16:
= | ' — R & =
f(x) =logsinx = f'(x) o

f'(x) =tanx > 0,forall x € (OE) therefore, the function is strictly increasing on (0%)

.CoOsx = tanx

n

f'(x) =tanx < 0,forall x € (g ; rr), therefore, the function is strictly decreasing on (E‘ ﬂ.’).




0,—

Question 17: [ 7
EJ and increasing on

Prove that the function / given by f(x)=loglcosx] js decreasing on

(52)

Answer 17:

We have _,.I"{I] = Ing‘::m-:rl
Theretore.

fx)= I (—sinx)

COs X
= =1tan x

ﬂ.E].mnx}D:}—mnxﬁ{}

In interval [ 2

Hence, J/ (¥)<0

s
0.%)
Thus, ./ is strictly decreasing on [ 2/

3 . )
—,2r [,tanx< (0= —tanx >0

In interval ( 2 )
Hence, J (x)>0

il
Thus, f is strictly increasingon | 2~ /.




Question 18:

Prove that the function given by f (x) = x3 - 3x2 + 3x - 100 is increasing in R.
Answer 18:

f(x) =x3—3x%+3x—100

= f'(x)=3x*—-6x+3=3(x*—-2x+1) =3(x—1)°

3(x — 1)% = 0, as it is perfect square.

Therefore, the function f(x) = x* — 3x* + 3x — 100 is increasing in R.

Question 19:
The interval in which y = x% e-Xis increasing is

(A) (—o0, ) (B) (=2,0) (C) (2, 0) (D) (0,2)
Answer 19:
y - xze—x
dy - -X 2oy =Y -X
:a—er —x‘e™* =xe *(2 —x)
Iff'(x) =0
= xe *(2—x)=0
= xo—=0,2
x = 0 and x = 2 divides the real values into three intervals (—o0, 0), (0,2) and (2, ).
Intervals Sign of y'(x) Nature of function y
(—o0,0) (=-)(+) <0 f is strictly decreasing
(0,2) (+)(+) >0 f is strictly increasing
(2, ) (+)(-) <0 f is strictly decreasing

Function y is strictly increasing on (0,2).
Therefore, the option (D) is correct.




Mathematics

(Chapter - 6) (Application of Derivatives) (Exercise 6.3)
(Class - XII)

Question 1:
Find the maximum and minimum values, if any of the following functions given by.
(i) f(x) = 2x +1)* + 3 (ii) F(x) =9x% + 12x + 2
(iii) f(x) = —(x - 1)+ 10 (iv) g(x) = x3+1
Answer 1:

(i) The given function is f(x) = (2x + 1)* + 3
It can be observed that (2x + 1) >0 for everyx € R,
Therefore, f(x)=(2x+1)*+3 >3 for everyx € R

The minimum value of f is attained when 2x+1 =0

2x+1 =0 .'.xz—é

Minimum value of f = f(—%) = [2(—%) + 1]2 +3 =3

Hence, function f does not have a maximum value.
(ii) The given functionis f(x) =9x?+ 12x+2 = (3x + 2)* - 2.
It can be observed that (3x +2)? >0 for everyx € R.
Therefore, f(x) =(3x+2)?—2 >3 for everyx €R
The minimum value of f is attained when 3x+2 = 0

-2

3}{+2=0-'-x=?

~» Minimum value of f = f(_?z) = (3. (-?2) + 2)2 — 2=~
Hence, function f does not have a maximum value.
(iii) The given functionis f(x)=—-(x—1)*+ 10

It can be observed that (x —1)% >0 for everyx € R.
Therefore, f(x)=—(x—-1)*+10< 10 for everyx €R
The maximum value of f is attained when (x-1) =0
(x—-1)=0 ~x=1

Maximum value of f =f(1) = —(1-1)*+10 =10
Hence, function f does not have a minimum value.
(iv) The given functionis g(x)= x*+1

Here, x3>0 if x>0 and x3< 0if x < 0.

Hence, function g neither has a maximum value nor a minimum value.

Question 2:
Find the maximum and minimum values, if any, of the following functions given by
(i) f(x)= [x+2] -1 (ii) g(x) = —|x+1]|+3 (iii) h(x) = sin(2x) + 5
(iv) f(x) = [sin4x + 3] (v) hA(x)=x+1.xe (-1, 1)
Answer 2:

(i) f(x) = [x+2] -1

We know that |x + 2| =0 for everyx € R, therefore, f(x) = [x+ 2| —1> -1 for everyx €R
The minimum value of f is attained when. [x + 2| =0

Ix+2|=0 =2x=-2

~»Minimum value of f = f (-2) =|-2+2|-1= -1

Hence, function f does not have a maximum value.




(ii)gx) = —[x+1|+3
We know that —|x+ 1| <0 for everyx € R
Therefore, f(x) = —|x+ 1|+ 3 <3 for everyx € R
The maximum value of g is attained when |x+1|=0
x+1|=0 =2x=-1
+» Maximum value of g = g(-1) =—|-1+1|+3 =3
Hence, function g does not have a minimum value.
(iii) h(x) = sin(2x) + 5
We now that —1 <sin2x <1
B —14+HESNZE+5 1 145
~4<sin2x+5<56
Hence, the maximum and minimum values of h are 6 and 4 respectively.
(iv) f(x) = |sin4x + 3]
We know that —1 <sin4x <1
w2<sin4dx+3 <4
v 2<|sind4x+3| <4
Hence, the maximum and minimum values of f are 4 and 2 respectively.
[V] The given functonish (x)=x+1,xe (-1, 1)
Here, if a point Xo Is closestto - 1, then we find Xo/2 + 1 > %o + 1 for all xo € (-
1, 1).

Also, If X1 Is closestto 1, then find(x1 + 1)< (xs +1)2+ 1 forall x: € (- 1, 1).
Hence, function h (x) has neither maximum nor minimum value in (- 1, 1)

Question 3:
Find the local maxima and local minima, if any, of the following functions. Find also the
local maximum and the local minimum values, as the case may be:

(i) f(x) = 22 (i) g(x) =x3—3x

(iii) h(x) =sinx+cos0 <x <g (iv) f(x) sinx—cosx, 0 <x<2m

(v) f(x) = %3 — 6x% + 9x + 15 (vi) g =Z+2,x>0

(vii)g(x) :le+z (viii) f(x)=xJl-x, 0<x<I
Answer 3:

(i) f(x) = x°

f'(x) =2x

Now, f'(x) =0 =2x=0

Thus, x = 0 is the only critical point which could possibly be the point of local maxima or
local minima of f.

We have f”(0) =0, which is positive.

Therefore, by second derivative test, x = 01is a point of local minima and local minimum
value of fatx = 01is f (0) = 0.

(ii)g(x) = x> — 3x

gi(d) = 3x* 3

Now, g'(x) =0 =>x=+1and g"(x) = 6x

g'(1)=6>0and g"(-1)=-6>0




By second derivative test, x = 1is a point of local minima and local minimum value of g
atx = 1lis g(1)=1*-3=1-3= -2

However, x = -1 is a point of local maxima and local maximum value of g at x = -1 is
g(-1) =(-1)2-3(-1)=-1+3=2

(iii)h(x) =sinx+cos0 <x <:-;—f—

h'(x) = cosx —sinx

hflx)=( =gilix=c08x = fanx=1sx= E € (Og)

h'"(x) = —sinx — cosx = —(sin x + cos x)
N L kg e A
(3 =-(G+5)=—7="V2<0

Therefore, by second derivative test, x=§ is a point of local maxima and the local

] it. . T . L T 1 1
maximum value of h at x=—1is h(;) = 51n;+cosz—ﬁ+ TE—\E

(iv)f(x) sinx —cosx, 0 < x < 2m
f'(x) = cosx +sinx

filx)=0=2cosx =—sinxy =>tanx = —1 :x:%,% € (0, 2m)
f"(x) = —sinx + cosx
SR AT . L L e,
f (4)— sin—-+ cos -, AR 2>0
(Y. iz L S T
f (T)_ 51n4+ms4—ﬁ+ﬁ—ﬁ>0 3
T

Therefore, by second derivative test, = is a point of local maxima and the local
maximum value of fat x= % iS f(?’;) = sin%ﬁ— cos-?— =é+%: V2> 0
However, x = :;— is a point of local minima and the local minimum value of f is
s . 7m w1 1 _
f(?)—SlHT—COST—- 7 \E— ‘\XE
(v) f(x) = x* — 6x% + 9x + 15
f'(x) =3x%—-12x +9
ff(x)=0=>3(x*-4x+3)=0=>3x-1)x-3)=0 =>x=1,3
Now, f"(x) =6x —12 = 6(x — 2)
ff1)=6(1-2)=-6<0and f"(3)=6(3—2)=6>0
Therefore, by second derivative test, x = 1 is a point of local maxima and the local
maximum value of fatx=11is f(1)=1-64+94+15=19
However, x = 3 is a point of local minima and the local minimum value of f at x = 3 is
f(3)=2] —54+27+15=15

(vi) g(x) =2 +2,2 >0

, 1 2
"'.9(%)='5—;
Now, g'(x) =0 gives fi-:-;-:b x2=4= x+2

Since x>0, we take x = 2.
2 therefore g'(2) =

!
xﬂ

4
(2)°
Therefore, by second derivative test,

Now g"(x) = =%> 0

X
minimum value of g at x = 21is g(2) :§+




1

(vii) g(x) =

x%42
! _ —(2x)
Y (.’E) T (x2+42)2
! —-(2x)
gx)=0 = —=—5 =0=2x=0

Now, for values close to x = 0 and to the left of 0, g'(x) >0 Also, for values close to x = 0

and to the right of 0, g'(x) < 0.

Therefore, by first derivative test, x = 0is a point of local maxima and the local maximum
11

value of g(0)is ik

(viii) f(x)=xdl1-x, 0<x<l

Therefore,

F (%) =1 -x+ (1/(241 - x)) (- 1)
=1 - x+x/(21-x)

= (2 (1-x) - /(231 - x)

= (2 - 3x)/(2V1 - x)

Now,

f'{x})=0

- (2-3x)/(21-x)=0

= Z2-3x=0
=x=2/3
Also,

() =1/2[(1-%x(-3)-(2-3x) (-1/21-%x)) / (1 -%)]

=[(1-%x(-3)-(2-3x) (-1/21-x)) /2 (1 - )]

= =[-6(1-x) + (2-3x)] / [4 (1- x) (1 - )]




= (3x - 4)/4 (1- x)®/2

Hence,

" (2/3) = [3(2/3) - 4]/ [4 (1 - 2/3)3/2)
=(2-4)/4(1-2/3)%°

=-1/2 (1/3)*/2 < 0

Therefore, by second derivative test, x = 2/3 is a point of local maxima

and the local maximumvalueoffatx=2/3

f(2/3)=2/21-2/3
-2/31/3
- 2/34/3

— 243/9

Question 4:

Prove that the following functions do not have maxima or minima:

(i) f(x) =¢e” (ii) g(x) =logx (iii) h(x)=x*+x*+x+1
Answer 4:

(1) We have,

f(x) =e*

~ fi(x) = e”

Now if f'(x) =0, thene* =0

But, the exponential function can never assume 0 for any value of x.
Therefore, there does not exist ¢ € R such that f'(c) =0

Hence, function f does not have maxima or minima.




(ii) We have, g(x) = log x
g'(x) :i, since log x is defined for a positive number x, g'(x) > 0 for any x.

Therefore, there does not exist ¢ € R such that g'(¢) =0
Hence, function g does not have maxima or minima.

(iii) We have h(x)=x*+x*+x+1
h'(x) =3x% +2x + 1
Now, h(x) =0 3x*+2x+1=0 x= _Zi:ﬁl = _H‘;ﬁl ¢ R

Therefore, there does not exist ¢ € R such that. h'(¢c) =0
Hence, function h does not have maxima or minima.

Question 5:

Find the absolute maximum value and the absolute minimum value of the following
functions in the given intervals:

(i) f(x) = x3 x € [-2,2] (ii) f(x) = sinx + cosx, x € [0, 7]

(iii) f(x) = 4x —5x%, x € [-2,2| (iv) f(x) = (x —1)%+3, x € [-3,1]
Answer 5:

(i) The given function is f(x) = x3

f'(x) = 3x°

Now, f'"(x) =0 =2x=0

Then, we evaluate the value of f at critical point x = 0 and at end points of the interval
[—2, 2].

f(0)=0, f(-2)= (-2)*=-8, f(2)=(2)*=8

So, we can conclude that the absolute maximum value of f on [—2,2] is 8 at x = 2.

Also the absolute minimum value of f on [-2,2] is —8 occurring at x = -2.

(ii) The given function is f(x) =sinx + cosx
f'(x) =cosx —sinx
Now, f'(x) =0 =sinx=cosx =>tanx=1=x :E

Then, we evaluate the value of f at critical point x =- and at the end points of the

interval [0, m].

f(iT) | Tf+ T 1 1 ;
—) =sin—+ cos == | —

4 4 4 2 /2

f(0) =sin0+cos0=0+1=1

f(m)=sinm+cosm=0-1=-1

Hence, we can conclude that the absolute maximum value of f on [0,7] is V2 occurring at
X = ; and the absolute minimum value of f on [0,7] is =1 occurring at x = m.

(iii) The given function is f(x) = 4x—-§-x2
fl)=4—-(2x)=4—x

Now, f'(x)=0 =x=4

Then, we evaluate the value of f at critical point x = 4 and at the end points of the

interval [—2,;‘.

f(4) = 16—%(16) =16 —8 =8




f(_z) — _2—%(4) = =g~ = =10

f (E) _ 4(2) - 1(3)2 - 18- =18 -10.125 = 7.875

2 2 2N 8
. 9] . .
Hence, we can conclude that the absolute maximum value of f on [_2’51 is 8 occurring at x

= 4 and the absolute minimum value of f on [—2,;‘ is —10 occurring at x = — 2.

(iv) The given functionis f(x) = (x —1)*+ 3

fix) =2(x—-1)

Now, f'(x) =0 =22(x-1)=0 ~x=1

Then, we evaluate the value of f at critical point x = 1 and at the end points of the interval
-3, 1]

f(1)=(1-1)*+3=0+3=3

f(-3)=(-3-1)*“+3=16+3=19

Hence, we can conclude that the absolute maximum value of f on [—3,1] is 19 occurring at
x = -3 and the minimum value of fon [-3,1] is 3 occurring at x = 1.

Question 6:

Find the maximum profit that a company can make, if the profit function is given by
plx) =41 — 72x — 18x-
Answer 6:
The profit function is given as p(x) = 41 — 72x — 18x°.

Sopx)=-72-36x
=x=-//236=-/
Also,
1"'(-2)=-36<0

By second derivative test, x=-2 is the point of local maxima of p.

- Maximum profit=p-2
=41-72(-2)-18(-2)2=41+144-72=113

Hence, the maximum profit that the company can make is 113 units.

Question 7:
Find both the maximum value and the minimum value of 3x* —8x> + 12x% — 48x + 25 on the
interval [0, 3].
Answer 7:
Let f(x) = 3x* — 8x3 + 12x% — 48x + 25
f'(x) =12x% — 24x% +24x — 48 = 12(x°> — 2x% + 2x — 4) = 12[x*(x —2) + 2(x — 2)]
=12(x — 2)(x? + 2)
Now, f'(x) = 0 gives x =2 or x*+ 2 =0 for which there are real roots
Therefore, we consider only x = 2 € [0, 3]

Now, we evaluate the value of f at critical point x = 2 and at the end points of the interval
[0, 3].




F(2) = 3(2)* — 8(2)3 + 12(2)% — 48(2) + 25

= 3(16) — 8(8) + 12(4) — 48(2) + 25 = 48 — 64 + 48 — 96 + 25 = —39

£(0) = 3(0)* — 8(0)® + 12(0)% — 48(0) + 25 = 3(0) — 8(0) + 12(0) — 48(0) + 25 = 25
£(3) = 3(3)* — 8(3)3 + 12(3)% — 48(3) + 25 F(3) = 3(81) — 8(27) + 12(9) — 48(3) + 25
=243 — 216 + 108 — 144 + 25 = 16

Hence, we can conclude that the absolute value of f on [0, 3] is 25 occurring at x =0 and
the absolute minimum value of f at [0, 3] is — 39 occurring at x = 2.

Question 8:

At what points in the interval [0, 2n] does the function sin 2x attain its maximum value?
Answer 8:

Let f(x) = sin2x = f'(x) = 2cos2x

Now, f'(x)=0 = cos2x =0

T 3w 51 7w

= 2N =

_?I31I5:rr7:nr
4747 47 4

= X

g g2 2
Then, we evaluate the values of f at critical points E,

F5) =sinz=1f(3)=sin(3

F(3)=sin(3)=1 £(3) =sin(

f(0)=sin(0) =0, f(2m) =sin(2w) =0

Hence, we can conclude that the absolute maximum value of f on |0,2x] is occurring at

T 51T
X =- andx = —.
4 4

S5 7

’

3T
’

and at the end points of the

interval [0, 2r].
T

T

4

Question 9:
What is the maximum value of the function sinx + cos x?

Answer 9;

Let f(x) = sinx +cosx = f'(x) =cosx —sinx

5

Stany=1 3x = —4-

T
f'(x) =0 = sinx =cosx 7

" (x) =—sinx —eosx =—(sinx + cos x)

Now, f"(x) will be negative when (sinx + cosx) is positive i.e., when sin x and cos x are
both positive. Also, we know that sin x and cos x both are positive in the first quadrant.

Then we consider x =E
e (EY = —fein & BY = o o) =
(2) =~ (sn3 - os) = - () = vz <0
~By second derivative test, f will be the maximum at x =§ and the maximum value of f is
i1 T T 1 1 2
f(-)—sm;+c05;—\/—i+ﬁ—ﬁ— 2




Question 10:

Find the maximum value of 2x° — 24x + 107 in the interval [1, 3]. Find the maximum value
of the same function in [-3,—1].

Answer 10:
Let f(x) =2x>—24x + 107
f'(x) = 6x% =24 = 6(x* —4)
Now, f/(x) =0 26(x*—4)=0=> x*=4 >x+2
We first consider the interval [1, 3]
Then, we evaluate the value of f at the critical point x = 2 € [1,3] and at the end points of
the interval [1, 3].
f(2)=2(8)—-24(2)+ 107 =16 -48 4+ 107 =75
f(1)=2(1) —24(1) + 107 =2 - 24 + 107 = 85
f(3) = 2(27) —24(3)+ 107 =54 - 72 + 107 = 89
Hence, the absolute maximum value of f(x) in the interval [1, 3] is 89 occurring at x = 3.
Next, we consider the interval [-3, -1].
Evaluate the value of f at the critical point x = -2 ~ [-3, -1] and at the end points of the
interval [1, 3].
f(=3)=2(-27)—24(-3)+107 ==544+ 724107 =125
f(-1)=2(-1)-24(-1)+107=-2+24 4+ 107 =129
f(=2)=2(—8)—24(—2) + 107 = —-16+48 + 107 = 139
Hence, the absolute maximum value of f(x) in the interval|[-3,—1] is 139 occurring at
x = —2.

Question 11:
It is given that at x = 1, the function x* — 62x% + ax + 9 attains its maximum value, on the
interval [0,2] find the value of a.
Answer 11:
Let f(x) =x*—62x*+ax+9, -~ f'(x) = 4x> — 124x + a
It is given that function f attains its maximum value on the interval [0,2] at x = 1.
ff()=0=2>4(1)>-1241)+a=0 =24-124+a=0 =>a =120
Hence, the value of g 1s 120.

Question 12:
Find the maximum and minimum values of x + sin 2x on|0, 2xr].
Answer 12:
Let f(x) = x + sin 2x
f'(x) =1+ 2cos2x

oY = = e e . P
Now, F'lx) =0"= cosix = =GR = cos(ﬂ: 3) = COS
=t nez Ok E T L A o oW 10,
= —= — — — — 3, B Ty S g S
x =2mt—-m . x=2mto,n X =233 2T
nNn T Z2m 7 3
f(g)—-g-ksm?-g. 5

(Zn)_ZH_I_ 7 V3
\F)=3 sy =373




(4?1’) 417 8t 41 V3

3) =3 TS TETY
(5?1’ _5}"{+ 10 Sm V3
3)' 3 '3 & @2

f(0)=0+sin0 =0

fQ2n) =2n +sindn =2+ 0 =2n

Hence, we can conclude that the absolute maximum value of f(x) in the interval [0, 2r] is
2w occurring at x = 2w and the absolute minimum value of f(x) in the interval [0, 2r] is O
occurring atx = 0.

Question 13:
Find two numbers whose sum is 24 and whose product is as large as possible.

Answer 13:
Let one number be x. Then, the other number is (24 - x).

Let p(x) denote the product of the two numbers. Thus, we have

p(x) = x(24 — x) = 24x — x?

p'(x)=24—-2x and p'(x) =-2

Now, p'(x) =0 2x=12 also p"(x) =-2<0

- By second derivative test, x = 12 is the point of local maxima of p.

Hence, the product of the numbers is the maximum when the numbers are 12 and 24 - 12
= 12.

Question 14:

Find two positive numbers x and y such that x +y = 60 and xy® is maximum.
Answer 14:

The two numbers are x and y such that x+y=60 so y=60—x

Let f(x) = xy3 = f(x) = x(60 — x)3

s f'(x) = (60 — %) — 3x(60 — x)* = (60 —x)?[60 —x — 3x] = (60 — x)*(60 — 4x)

Now, f'(x) =0=>x=60 or x =15

Now f"(x) = —2(60 — x)(60 —4x) — 4(60 — x)* = —2(60 — x)[60 — 4x + 2(60 — x)]

When, x = 15, f"(x) = -12(60 — 15)(30 — 15) = -12 x 45 x 15 < 0.

When x = 60, f"(x) =0

~» By second derivative test, x = 15 is a point of local maxima of f.

Thus, function xy> is maximum when x = 15 and y = 60 - 15 = 45.

Hence, the required numbers are 15 and 45.

Question 15:
Find two positive numbers x and y such that their sum is 35 and the product x%y° is a
maximum.
Answer 15;
Let one number be x. Then, the other number is y = 35 —x.
Let P(x) = x?y°, then we have P(x) = x?(35 — x)°
= P'(x) = 2x(35 — x)°> — 5x%(35 — x)* = x(35 — x)*[2(35 — x) — 5x] = x(35 — x)*(70 — 7x)
= 7x(35 — x)*(10 — x)
Now, P'(x) =0 =2x=0,35,10




P"(x) =7(35—x)*10—x) + 7x[—(35 — x)* — 4(35 — x)*(10 — x)]

=7(35—x)*(10—x) — 7x(35 — x)* — 28x(35 — x)°(10 — x)

=7(35—x)°[(35 —x)(10 — x) — x(35 — x) — 4x(10 — x)]

= 7(35 — x)3[350 — 45x + x% — 35x + x* — 40x + 4x*] = 7(35 — x)3(6x% — 120x + 350)

When x = 35,y = 35 - 35 = 0 and the product x“y> will be equal to 0.

When x = 0,y = 35 - 0 = 35 and the product x*y> will be equal to 0

~ X =0 and x = 35 cannot be the possible values of x.

When x = 10, we have, P"(x) = 7(35 — x)3(6 x 100 — 120 x 10 + 350) = 7(25)3(—250) < 0

~ By second derivative test, P(x) will be the maximum when x =10andy = 35 — 10 = 25.
Hence, the required numbers are 10 and 25.

Question 16:
Find two positive numbers whose sum is 16 and the sum of whose cubes is minimum.
Answer 16:
Let one number be x. Then, the other number is (16 - x).
Let the sum of the cubes of these numbers be denoted by S(x). Then,
>S(x)=x3+16—-x)% =8 (x) =3x?-3(16 —x)?, S"(x) =6x+ 6(16 — x)
Now, S'(x) =0 =3x*-3(16—x)*=0
256

> x°—(16—-x)=0 2x*—-256—x*+32x=0 =2x=—=28

32
NowS"(8) =6(8)+6(16—-8) =48+48=96 >0
- By second derivative test, x = 8 is the point of local minima of S.

Hence, the sum of the cubes of the numbers is the minimum when the numbers are 8 and
16 - 8 = 8.

Question 17:
A square piece of tin of side 18 cm is to made into a box without top, by cutting a square

from each corner and folding up the flaps to form the box. What should be the side of the
square to be cut off so that the volume of the box is the maximum possible?

Answer 17:
Let the side of the square to be cut off be x cm. Then, the length and the breadth of the
box will be (18 - 2x) cm each and the height of the box is x X 18 cm X
cm. % s
Therefore, the volume V(x) of the box is given by, TR "
V(x) = x(18 — 2x)* . c
= V'(x) = (18 — 2x)? — 4x(18 — 2x) = (18 — 2x)[18 — 2x — 4x] HE 5 |8
= (18 —2x)(18—-6x) = 6 X 2(9 —x)(3 — x) a 0 E 2
Vi'(x)=12]-(9—x) — (3 —x)] 18 - 2x cm
=-129—-x+4+3—-x) = -12(12—-2x) =-24(6—x) X X
Now, Vi(x) =0=>x=9o0rx =3 X 18 cm X

[f x =9, then the length and the breadth will become 0. Thereforex #9 so x = 3.

Now, V'(x)=-24(6—3)=-72<0

By second derivative test, x = 3 is the point of maxima of V.

Hence, if we remove a square of side 3 cm from each corner of the square tin and make a

box from the remaining sheet, then the volume of the box obtained is the largest possible.




Question 18:

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting

off square from each corner and folding up the flaps. What should be the side of the square

to be cut off so that the volume of the box is maximum 7
Answer 18:

Let the side of the square to be cut off be x cm. Then, the
height of the box is x, the length is 45 - 2x, and the *
breadth is 24 - 2x.

X 45 cm X

Therefore, the volume V(x) of the box is given by, £ £

V(x) = x(45— 2x)(24 — 2x) = x(1080 — 90x — 48x + 4x?) E m’f r? E
= 4x> —138x* + 1080x " 5 < ~
= V'(x) = 12x% — 276x + 1080 45 - 2x cm

=12(x%2 —23x +90) = 12(x — 18)(x — 5) X x

V" (x) = 24x — 276 = 12(2x — 23) X
Now, Vi(x) =0=>x=18o0rx =5

It is not possible to cut off a square of side 18 ¢cm from each corner of the rectangular
sheet. Thus, x cannot be equal to 18.

e B

Now, V"(5) =12(10 - 23) =12(-13) = —-156 < 0

By second derivative test, x = 5 is the point of maxima.

Hence, the side of the square to be cut off to make the volume of the box maximum possible
is 5 cm.

45 cm X

Question 19:

Show that of all the rectangles inscribed in a given fixed circle, the square has the
maximum area.

Answer 19:
Let a rectangle of length | and breadth b be inscribed in the given circle of radius a. Then,
the diagonal passes through the centre and is of length 2a cm.
Now, by applying the Pythagoras theorem, we have:

(2a)* = (D* + (b)°
= b?=4g° - 1> =b=+V4q2 -2
Area of rectangle = A = [V4a? — |2

d—A=J4a2—zz F— (2= JaF P 2
al 2vV4a? — |2 2V4a? — |2
- 4gt— 2P

Viq? — |2

21
2 12 (Al — (An2 — ]2

g4 VAP (A - (et -2 e (g2 2y _al) 4 1(4a? — 212)
T 2 . ]2 = 3
dl (4a? — 2) 4 —

_12a%1 =213 —21(6a? — I?)
= T 3

(4a% — [%)2 (4a% — [12)2

Now, 22 = 0 gives 4a% =2[%2 = | =2a

dal




= b=v4a%2—-21?> =V2a? =+v2a
Now, when [ =2 a
d’A  —-2(V2 a)(6a® — 2a?) B —8v2 a®

diz 2v/2 a3 . 22a3
By the second derivative test, whenI:\Ea, then the area of the rectangle is the
maximum.

Since [ =b=+2a the rectangle is a square.
Hence, it has been proved that of all the rectangles inscribed in the given fixed circle, the
square has the maximum area.

= -4 <(

Question 20:
Show that the right circular cylinder of given surface and maximum volume is such that
is heights is equal to the diameter of the base.
Answer 20:
Let r and h be the radius and height of the cylinder respectively.
Then, the surface area (S) of the cylinder is given by,
S—2nr* S (1) )

S=2nr‘+2nrh =h= = —
2mr 2T \1
Let V be the volume of the cylinder. Then,

S /1 S
Vznrzhz:n:'rz[—( )—'r ]I—T—}TTB

2 2w \r 2
v S d2v
Then, — =-—3nr",—— orr
av S S
Now, —=0=3-=3nr° =2r¢ ==
dr 2 61T

67T dr# 67

When r¢ = i,then dz—v= —6nr( i) < (

L . . S
~ By second derivative test, the volume is the maximum when r* =

6mre (1 5
(—)—’r=3r—r=2r

2T \1r
Hence, the volume is the maximum when the height is twice the radius i.e., when the

height is equal to the diameter.

Now, when r? = é then h =

Question 21:

Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic

centimeters, find the dimensions of the can which has the minimum surface area?
Answer 21:

Let r and h be the radius and height of the cylinder respectively.

Then, volume (V) of the cylinder is given by, V = ar*h = 100 (given) so h = ;‘rf_—‘j
Surface area (S) of the cylinder is given by, § = 2nr* + 2rnrh = 2nr? —I—¥
dS 200 d*S 200
.*.E=4?IT' 2 ,dr2=4ﬂ | 3
dS 200
— =0 =24nr =—

dr T2




1

- 200 50 (50)§

r —— S0 r=

41 T T

1
o 3 d?
Now, it is observed that when r = (E)S @ > (.

n/  dr?

~By second derivative test, the surface area is the minimum when the radius of the
1
cylinder is (E)S cm

T

1 1
50\3 100 2 X 50 50\3
When'r:(—) ; = > = 5 - = 2(—) cm
T = — ; e TT
505 (50)3(m)*
(7
Hence, the required dimensions of the can which has the minimum surface area is given
1 1
by radius= (5—;)3 cm and height =2 (5—13)3 cm.

Question 22:

A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a
square and the other into a circle. What should be the length of the two pieces so that the
combined area of the square and the circle is minimum?

Answer 22:
Let a piece of length | be cut from the given wire to make a square.

Then, the other piece of wire to be made into a circle is of length (28 - 1) m.

. !
Now, side of square = :

Let r be the radius of the circle. Then 2nr =28—-1 =>r = ﬁ(ZB — )

The combined areas of the square and the circle (A) is given by,

2 1 « B 1
A = (side of the square)® + r¢ = E+ T [ﬁ (28 — l)] = 32 +E(28 - [)?

'dA—21+2(28 D( 1)—l ! 28 — |
T dl 16  4Arn I an( )

d’A_1 1.
iz~ 8" 2m

Now B -0 =si_-L@8-D=0
al 8 21T

?rl—4(28—l)_
81 B
>(m+4)—-112=0 =il =

112 dZA4
T+4’ di?

= 0

g

Thus, when [ =

112

~ By second derivative test, the area (A) is the minimum when [ = —

Hence, the combined area is the minimum when the length of the wire in making the

112 112 28m

square is — cm while the length of the wire in making the circle is 28 = —=— cm.
T+4 n+4 T+4




Question 23:

Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is

;—? of the volume of the sphere.

‘Answer 23:
Let r and h be the radius and height of the cone respectively inscribed in a sphere of
radius R.
Let V be the volume of the cone

Then V = %?I?"zh

Height of the cone is given by, h = R + AB = R+ VR? —r2 [ABC is aright triangle]
1 1 1

. ¥ w2) = Tt et DY e
V—-3nr (R+x/R r) 3}"{?" R+3?rr \/R r C
dv 2 2 1 (—2r)
- _=Z - AR er?
T 3}‘T?‘R+31‘TT\/R r +3:.'rr W —

2 2 1 r3
— 2 — pl —

ng+3m\/R r 3H2¢R2—r2

2 2nr(R? —1%) —mr® 2 2nrR? — 3mr3
= —7rR = —"nrR

- R ~ 1 : 3VR% — 1?2

(—2) A M B
2 __ w2 2 _ < 2 3 -

dz_A i 2R 3VRZ2 — r2 (2nR? — 9nr?) — (2nrR? — 3nr )'6\/}?2 =
di? 3 9(R2 — r?)

2 . 9(R? —1%) (2nR? — 9nr?) + 2nr?R? + 3nr?
= —Tlh 1 3

. 27(R? — 12)2

dVv 2 3nrs — 2arR? 3r¢ — 2R*
Now, ——=0 =-mR= Wi 2R = e 2R\R? — 12 = 3r% — 2R?
-7 -7
= 4R%(R? = r?) = (3r? — 2R?)?* = 4R* —4R%*r? = 9r2 + 4R* — 12r*R*?
8

= Or* = 8R4r? r¢ = aRZ
When 74 = —FL’2 then % <0

. . 8
~ By second derivative test, the volume of the cone is the maximum when r* = ERE.

T —————————

4

R
3

Whenr2=§R2,h=R+JR2—ER2=R+ Rz =R +2=
9 9 N ° 3

Therefore V = -?:n( RZ) (3 R)

—8(41?3) B o (Vi ol e adh
= 57\3™ 57 (Volume of the sphere)

Hence, the volume of the largest cone that be inscribed in the sphere is %the volume of
the sphere.




Question 24:
Show that the right circular cone of least curved surface and given volume has an altitude

equal to v2 time the radius of the base.
Answer 24:

Let r and h be the radius and the height (altitude) of the cone respectively.

Then, the volume (V) of the cone is given as:

1 3V
V=-nar¢h o> h=—
3 Trt

The surface area (S) of the cone is given by, S =nrl (where | is the slant height)

9V 2 rvmire +9V2 1
=nar [r?+ = T = — /7216 + 9|2
\ mere T2 r
6mlr>
246 2
s " SN et Q2 Vn?re + 9V 3mér® — mér® —9V¢  2mér® -9y
dr re r2ym2ré + 9V? r2ym2r6 + 9V?
d
Now, = =0 = 2r2r® = 9V
2
272
. ; i3 6 _ 9Vé d°s
Thus, it can be easily verified that when r® = "—,-=> 0.
. . . 9y
~ By second derivative test, the surface area of the cone is the least when r® = -
1
6 _ I? B 3(211:2'5)_3 \f_rrr
When r° = 2m2’ h= *m*z - wre 9 e’ \/_?‘

Hence, for a given volume, the right c1rcular cone of the least curved surface has an
altitude equal to v2 times the radius of the base.

Question 25:
Show that the semi-vertical angle of the cone of the maximum volume and of given slant

height is tan™ V2
Answer 25:

Let & be the semi-vertical angle of the cone. It is clear that 6 € [(lg]

Letr, h, and 1 be the radius, height, and the slant height of the cone respectively.
The slant height of the cone is given as constant.

Now, r =1Isinf and h = lcos @

The volume (V) of the cone is given by I/ = %Tﬂ"zh

1 1
=37 (1%sin*@)(Lcos B) = 511.:1351'?129 cos 6

v nml®

et [sm f(—sinf) + cosB(2 sin B cos O]
i3

S E [—sin30 + 2sin 6 cos?6 ]

AV  ml’

T [ 3sinf cos O + 2cos>60 — 4sin“8 cos ]




l3 |
= [2c05%0 — 7sin*8 cos 6]

Now, e — 0

sin’8 = 2sinfcos?0 so  tan‘6 = 2 = tanf = V2 = 0 = tan" 12
Now, when 8 = tan~1v2 , then tan?8 = 2 orsin?8 = 2cos20. Then we

have:

d*V w3 T

_ 39 _ 34 T — Al srned -
7= 3 |2c0s°8 — 14c05°0 | Amtl°cos’0 < 0 for 6 € [O, 2}
By second derivative test, the volume (V) is the maximum when 8 = tan*v?2

Hence, for a given slant height, the semi-vertical angle of the cone of the maximum volume
is tan’v2

Questions 26:

Show that semi-vertical angle of right circular cone of given surface area and maximum

.. 1 (1
volume is sin 3):

Answer 26:

Let the height, radius and slant height of the cone be h, r and [ respectively, whose semi-
vertical angle is a.

Surface area of cone S = nwrl + nr® = nrvr? + h? + nr?

L R e
:>\/r2+h3:5 ad :>r2+h2:(5 w)

nr nr

2 (S — nr2)2 5 S% 4+ mPrt—28nr? — plrt
= = e L I c——

r Ter?
, S$% — 28mr?
= h4 = - (1)

Volume of the cone V = %m*zh

1
= |/? =5T{2T4h2
1 S2 — 28?2 1
2 Lt 2.4 _ 2 4
=V —aﬂ T ( -y )—-65(51‘ — 2mr®)

Let, V2=M = -;—S(Srz —2nr%)

Therefore, M'(r) = '35(25?’ — 8nr?)
Now, M'(r)=0= %5(251‘" —Bard)=0 = éZSr(S —4mr?) =0
- = r=0o0rr= i

41 \ A1

[r # 0, as r is the radius of cone, so r =0 is not possible]
Now, M"(r) = 35(25 — 24m7r?)

=sr=0o0rr?=




Forr = J:in M" (\E) =-§[25-24n(=)|=-=82 <0

Here, M”( i) <0, therefore r = | is the point of local maxima.
"qq'ﬂ' 47T
At this maximum point, radius of cone r = /f—n =3 =% S 4nre=§
3 ’ r
> 4nr - =narl+narc =23r =1 :T:g
. | 1 - 1)
—_ = == e — - —
ere, sing =7=3 g = sin (3

Choose the correct answer in Questions 27 and 29.

Question 27:
The point on the curve x? =2y which is nearest to the point (0, 5) is

(A) (2V2,4) (B) (2v2,0) (C) (0,0) (D) (2,2)
Answer 27:
The given curve is x* =2y

For each of x, the position of the point will be (x, ?)

IE

The distance d(x) between the point (x, ?) and (0, 5) is given by,

x?2 ‘ y4 i
d(x) = [(x —0)2? I( 5) — \/x2+?+25—5x2=\/?—4x2+25

2
, (x> — 8x) (x3 — 8x)
Lo 4 :\/4 16x2 4+ 100
A
2\/%—4;\:2 425

Now,d'(x)=0=2x3-8x=0 =2x(x*-8)=0 =2x=0,+2V2

Vx* —16x% + 100(3x% — 8) — 2(x3 — 8x) — 2(x3 — 8x)?

And d"(x) = :
(x*—16x*+ 100)2

- (x* —16x* +100)(3x* — B) — 2(x* — 8x)(x* — 8x)

3
(x* — 1622 + 100)2
B (x* — 16x% + 100)(3x% — 8) — 2(x® — 8x)*

3
(x* — 16x% 4+ 100)2

36(—8)
63

When, x = 0 then d"(x) = < 0and when, x = +2v2, d"(x) > 0.

~By second derivative test, d(x) is the minimum at x = +2v2

2y2)

Whenx=i2\/§,y=[ ; =4

Hence, the point on the curve x? = 2y which is nearest to the point (0, 5) is (iZﬁ, 4).

The correct answer is (A).
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Question 28:

- 1—x+13_

For all real values of x, the minimum value of o
1+i+X ,
[A) O (B) 1 (L] 3 (D) 5

Answer 28:

I+x+x<
On differentiating w.r.t. x, we get
dy _ (T+xtx=)(=T+2x)=(1=x+x=)(1+2x)

dx (T+x+x2)?

T4 2x =%+ 2x =% <+ 2n == 2x4u+2x2 =y - 2x?

(Tx+x<)e

= -2+ 2u=2 x4 Inc_ <=2 _ 2(x2=1)

(Txtxd)e (1+x+x2)  (T4x+x2)?

||_-|-...- =
Put |—'=D=:J-:"-’=1=~:=-:=t1
dx S : .
d2y  2(1x+nS 02000 =T 1+ x+x2 )14 2%)
Now, — = ‘ i

dx (T+x+x2y1
40T+ )T+ x xS Y= (2 =THT+2x)

[T+x+x<)”

4rx+xi+ﬁs-12-235-1+2x1_£M1+Ex-x32

(T+x+xd) (Tx+nd)3

d2: 4(1+3(D-1°) _ 4(3)_ 4
At x=1,(—) = =—=:>0

(14141233 33
x

o x<
x=1

At x=-1, (&Y = ALSCDCDY 3G _ 41y =-4<0

dx= y=1] -]I":._:?'+':":-.:':-_3 {1-11-]']15

~ By second derivative test, f is minimum at x=1 and the minimum value is given

Hence, (d) is the correct option.

Question 29:

The maximum value of [x(x—1)+1]5,0<x <1is
1

4 (5 (8 () 1 (D) 0
Answer 29:

FoO) = [x— D +1F = f(x) =

Now, f'(x) =0 =>x=%

2x —1

lx(x — 1) + 1]%

Then, we evaluate the value of f at critical point x = % and at the end points of the
Interval [0,1] {i.e.atx =0andx = 1}

1

FO=[00-D+1F=1 fA)=[10-D+1J=1, f(l)zlle"l)“]%:(g)g

2 2 4
Hence, we can conclude that the maximum value of f in the interval [0, 1] is 1.

The correct answer is (C).




Mathematics

(Chapter - 6) (Application of Derivatives) (Miscellaneous Exercise)
(Class - XII)

Question 1:

Show that the function given by f(x) = log X

has maximum atx =e.

X

Answer 1:
log x

The given functionis f(x) = —

1
;)—1‘?@-’5 __ 1-logx

o
f(x) = o - 2
Now, f (x) = 0
1-logx=0 = logx=1

logx =loge ~x=e

72{ 1
y —=)—(1-log x)(2x)
Now, f (e) i () - —
~x—2x(1—logx) —3+2logx
— et T a3
n —-3+2loge -3+2 -1
Now, f"(e) = 5 = =e—3<0

Therefore, by second derivative test, f is the maximumatx = e.

Question 2:
The two equal sides of an isosceles triangle with fixed base b are decreasing at the rate of 3 cm per second

how fast is the area decreasing when the two equal sides are equal to the base?
Answer 2:

Let AABC be isosceles where BC is the base of fixed length b. Let the A
length of the two equal sides of AABC be adraw ADL BC
Now, in AADC, by applying the Pythagoras theorem, we have,
AD = J a2 -2 a a
4

Arpa cEtriangle (&) =2, a2 - &

rea o 1"1&11:1ge[]—2 1Ma 5
The rate of change of the area with respect to time (t) is given by, R D C

b/2 b
dA 1 : 2a da ab da ¥ &
dt 2 p2dt  \[2g? — p2 dt
2 ﬂz = T

[t is given that the two equal sides of the triangle are decreasing at the rate of 3 cm per second.
da

i —3 cm/sec

dA —3ab
_ — =
dt  4q2 — p2

Then, whena = b we have:
d¢A  —3ab —3b°
dt 42 — b2 3b2
Hence, if the two equal sides are equal to the base, then the area of the triangle is decreasing at the rate of
V3 b cm/sec?.

=—v3b




Question 3:

4sinx—2x—-x cosx . . . s :
is (i) Increasing (ii) Decreasing.

Find the intervals in which the function f given by f(x) =

Answer 3:
4sinx — 2x — X COSX

24+C0OSX

J(x) = 2+ cosx
: (24 cosx)(4cosx —2 —cosx +xsinx) — (4sinx —2x —x cosx)(—sin x)
= f(x) = :
(2 + cosx)
| (24 cosx)(3cosx —2 + xsinx) +sinx(4sinx — 2x — x cos x)
= f(x) = =
(2 + cosx)
S ) = 6 cosx — 4+ 2xsinx + 3cos®x — 2 cos x + x sinxcos x + 4sin®x — 2x sinx — X Sinx cos x
J (2 + cos x)?
; 4cosx — 4+ 3cos‘x + 4sin’x 4cosx —4 + 3cos°x +4 —4cos‘x
> f(x) = . = f(x) = >
(2 + cos x) (2 + cosx)
; 4 cosx — cos“x  cosx(4 — cos x)
=f(x)= = >
(2 + cos x) (2 + cos x)
Now f (x) = 0 = cosx = 0 orcosx = 4
But cosx # 4

T 37
2" 2
Now, x = Eand x= ?ﬂ divides (0, 2m) into three disjoint intervals, i.e.

(03) (7 (720

T T 31T

In intervals (O’E) and (E’?)’ f!(x) > (.

- . 3
Thus, f(x) is increasing for 0 < x < -E and ?H < x < Zn.

cosx =0 l.e. x=

T 31

In the interval (E’?)’ f (x) < 0.

Thus, f(x) is decreasing forg <x< Z

2

Question 4:
Find the intervals in which the function f given by f(x) = x° + ;15 x # 01is (i) increasing (ii) decreasing.
Answer 4:
1 3 3x"—3
M- () — 22 _
f(x)=x +F = f(x) = 3x T i T T

Then, f'(x) =0 i.e.3x° -3 =0
=>x0=1 =2x= +1

Now, the pointsx = 1andx = —1 divide the real line into three disjoint intervals
ie., (—00,—1),(—1,1) and (1, 00)

In intervals (—o0,—1) and (1,0) i.e,whenx < —landx > 1, f'(x) > 0.

Thus, whenx < —landx > 1,f isincreasing.

In interval (-1, 1) i.e, when-1<x<1,f(x) <0

Thus, when —1 < x < 1, f is decreasing.




Question 5:
IZ 2

Find the maximum area of an isosceles triangle inscribed in the ellipse — 4 ::2 = 1 with its vertex at one

end of the major axis.
Answer 5:

The given ellipse is — + — = 1.

Let the major axis be along the x —axis.

Let ABC be the triangle inscribed in the ellipse where vertex C is at (a, 0).

Since the ellipse is symmetrical with respect to the x—axis and y —axis, we can assume the coordinates of A
to be (-x1, y1) and the coordinates of B to be (-x1, -y1).

b
Now we have y; = iaJa o

. b . b
Coordinate of A are (xl, EJaz = xlz) and the coordinate of B are (xl, — E\/ag — xlz)

As the point (x1, y1) lies on the ellipse, the area of triangle ABC is given by,

A 2% a (ZGbJaz —Il) P ) (—z\jaz —xf) F (=) (—g\jaz _x12)

:AzbJaz—xf+x1§Ja2—xf s (1)

dA —2x1b b Zhxs

a__wxb b

ax, 2. a?—-x* @ 2a+/a? — x?
dA b

[—x1a + (@® — xF) — x7]

dx1 a\/ a — xf

dA - b(- 2x% — x1a + a®

2
dxl aJa X
dA
NOW'{;:O :>—2I5—IILI+£12=0
1

a+.a?—4(-2)(@®) a+vV9a? a+3a

— = — —
"1 2(-2) —4 4
. a
X, = —a, —
! 2
But, x1 cannot be equal to - a.
a b b2| ba V3 b
_——= - 2 — e ——
SRR N 52 V3=
—2x1)
a7 — x2(—4x; — a) — (—2x2 — 2,0 + 02) — =241
e bJ Ftny = a) — (2xf —ma +a?) =
Now, > = >
"dx? a ac — x5
J
bl (a* — x%) (—4x; — a) + x; (—2xf—x1a+a2) b \2x3 —3a’x —a®

. (a’ _xl)z . (a? —x1)2




Also, when x; = -;3, then

a® _a’ a’ 3 \ ( 9 \
d’A b|2g-35-a - 50 —a h| 74
W=E 3 = - 3 = a{ E?(O
1 3a?\2 3a4\2 3a2\2
(T) (T ) \ T))

X . (1
Thus, the area is the maximum when x; = -

Maximum area of the triangle is given by,

b2 ,a\ b b4 V3 savb av3 abVv3 abVv3 33
A=b |a? I() a’? ——=ab I() X —— = | = ——ab
\ 4 7, N 4 2 2/ a 2 2 4 4

Question 6:
A tank with rectangular base and rectangular sides, open at the top is to be constructed so that its depth is
2 m and volume is 8 m3. If building of tank costs ¥70 per square meters for the base and X45 per square
metre for sides. What is the cost of least expensive tank?

Answer 6:
Letl, b, and h represent the length, breadth, and height of the tank respectively.

Then, we have height (h) =2 m

Volume of the tank = 8 m3
Volume of thetank=1l X b X h

~8=l X b X 2

<
lb =4 :>b=I

Now, area of the base = lb =4
Area of the 4 walls (A) = 2h(l + b)

A—4(l+4) :>dA—4(1 4)
- [ dl [2

A e =) 2 [ = 42
However, the length cannot be negative. Therefore, we have [ = 2

pt_ 2t ,
=1=3"
adcA 32
NOW TE =@
2
vwmu=1%§=?=4>o

Thus, by second derivative test, the area is the minimum when [ = 2.
We havel = b = h = 2.

+. Cost of building the base =370 x (I1b) =X 70 (4) =X 280

Cost of building thewalls=X2h (1 +b) x45=90(2) (2+2)=X8(90) =X 720
Required total cost =X (280 + 720) =X 1000

Hence, the total cost of the tank will be X 1000.




Question 7:
The sum of the perimeter of a circle and square is kK, where k is some constant. Prove that the sum of their
areas is least when the side of square is double the radius of the circle.
Answer 7:
Let r be the radius of the circle and a be the side of the square.
Then, we have:

ke — 2mr
2nr + 4a = k (where k is constant) =a= r
The sum of the areas of the circle and the square (A) is given by,
k — 2nr)*

A=H‘r2-l—a2=:n:r2-l-( ¥ )
dA oy 2(k — 2mr)(—2m) g m(k — 2mr)
= T T = 20y 1
Now £ = 0.

dr
o = T2 e k2 S (B+20r=k mr——m =~

" 1 reRTem o= "T8+2n 24+ m

d=A 2
Now,— = 2m + — > 0.

' dr? ,

_ _k d°A
~ Whenr rrrvm 0.
The sum of the area is least when r = —
2(44+m)
k— 21|t
_ "12G+n) k(4+m)-mk 4k o

’ 4 44+m)  4@+m)

Hence, it has been proved that the sum of their areas is least when the side of the square is double the
radius of the circle.

Question 8:
A window is in the form of rectangle surmounted by a semicircular opening. The total perimeter of the
window is 10 m. Find the dimensions of the window to admit maximum light through the whole opening

Answer 8:
Let x and y be the length and breadth Df the rectangular window.

Radius of the semicircular opening = -
[t is given that the perimeter of the window is 10 m.

X
= x +2y + == 10 =>x(1+2)+2y—10 X2 /2
Ny —10—x(1+f-) oy =5 x(l H)
Y = 2 Y= 2" 4 y y
Area of the window (A) is given by,
) :
A e
sz O] e (D)4
2P EAnd g T ¢ 3
dA A5 (1 n) TX : (1+ ) T
= — =9 | | =0 — |
dx *272) " SR Y A




dZA_ (1 | ﬂr)_l_:rr_ 1 T
dx2 \2 4] 4 4
Now, e 0
dx
T\ T is
=5—x (1A 2) Fgx =0 ==>x(1-|—§) =5
5 20
=N R = =
T\ n+4
(1+7)
2
Thus, when x = 20 then s < 0.
T+4 dx?
Therefore, by second derivative test, the area is the maximum when length x = %m . Now,
20 /24w 5(2 + m) 10
}r::S ( ):: — m
T+ 4y 4 T+4 Tw+4
Hence, the required dimensions of the window to admit maximum light is given by
Length x = 2% m and breath = —m.
T+4 n+4

Question 9:

A point on the hypotenuse of a triangle is at distance a and b from the sides of the triangle. Show that the

3
2 253

minimum length of the hypotenuse is (GE + bE) .

Answer 9:
Let ABC be right-angled at B. Let AB=x and BC = .

Let P be a point on the hypotenuse of the triangle such that P is at a distance of a and b from the sides AB
and BC respectively. Let £c = 6

We have, AC = /x2 + y?2

Now, PC = b cosec® and AP = asecf A

= AC=AP +PC = AC = asecf + b cosecf ..(1)

d(AC)

Y = —b cosecB cotf +asecftanf

‘ d(AC)_ 3 9

2 =0 =asecBtanf = b cosec 8 cotb P
ao X q
a sinﬂ_ b cos@

cosf cosf® sinf sinb

1
= a sin30 = bcos’0 = tanf = (2)3

. 1 E il a2
3 a3
sosin@ = ©) and cosf = (@) s () d

2 2 2 2
a3 + b3 a3 + b3

d?(AC)
dg?

1

> () whentan@ = (E)E

a

It can be clearly shown that

i 4
A . b\3
Therefore, by second derivative test, the length of the hypotenuse is minimum when tan @ = (5)3 .




1

Now, if tanf = —  we have;

b«.faa’ + b3 b«.{aB + b3

2 2 2 2 2 E%
= .la3 + b3 (a3+b3):(a3+b3)
2 Do

Hence, the minimum length of the hypotenuses is (ai + bi)g.

|[Using (1) and (2)]

Question 10:

Find the points at which the function f given by f(x) = (x — 2)*(x + 1)° has
(i) local maxima (ii) local minima (iii) point of inflexion.

Answer 10:

The given function s f{x)=(x=2) (x+1) .

L (x)=4(x=2) (x+1) +3(x+1) (x-2
=(x-2) (x+1) [4(x+1)+3(x-2)]
=(x=2)"(x+1) (7x-2

Now, f'(x})=0 = x=—-landx== orx=2

= | IJ

., 3
Now, for values of x close to —and to the left r:sfﬁ | x) >0, Also, for values of x close to

‘Il
.and to the right of —, f'(x) <0
=

1

Thus, x = % 15 the point of local maxima.

Now, for values of x close to 2 and to the left of 2, /7 x) < 0. Also, for values of x close to

2 and to the rightof 2, f (x) >0

Thus, x = 2 is the point of local minima.

Now, as the value of x varies through -1, F ' (X) does not changes its sign.
Thus, X = -1 is the point of inflexion.
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Question 11:
Find the absolute maximum and minimum values of the function f given by
f(x) = cos?x +sinx, x € [0, 7]
Answer 11:
f(x) = cos®x + sinx
= f'(x) = 2 cos x(—sinx) + cos x
= f'(x) = —2sinx cos x + cos x

Now, f'(x) =0 = 2sinxcosx =cosx = cosx(2sinx—-1)=0

. 1
=;~51nx=5 orcosx =0

I T

:»x=gor§ asx € [0, ] )

Now, evaluating the value of f at critical points x =g and x = : and at the end points of the interval

[0, ] (i.e, atx = 0and x = m), we have:

2
o TP N L T
f(ﬁ) coS 6+Sm6 ( ) +2 2

fi)=cos*0+sinD=1+0=1

f(n) =cos*m +sine=(=1) +0=1
) ™ (]
f{-zr::l=|:us‘i+5in§=f]+]=1 |

Hence, the absolute maximum value of [ s - ecu rring at x = i and the absolute minimum value of Fis

1 ocoutrTing at x = n.;’ and .




Question 12:

Show that the altitude of the right circular cone of maximum volume that can be inscribed in a sphere of
4r

radius r is FL
Answer 12:
A sphere of fixed radius (r) is given. Let R and H be the radius and the height of the cone respectively.

The volume (V) of the cone is given by,

1
V = mR*H A

Now, from the right triangle BCD, we have: BC = Vr2 — R2
H=r+ \/‘r2 — R?

1 1 1
V= 2nR? (r ++12 = R?) = ZaR*r + -nR%/r? - R BN
dv 2 2 R?Z (—=2R) H
— = —qRr + =nR{1r% — R2 + —, |
dR 3 3 3 2\r2 — R2 :
2 2 R3 E - R D
= —7Rr + =R\r2 — R? — C
3 3 3\{?,-2 — R2
2 2R(r* — R*) — nR®* 2 2mRr? — 3nR3
= —1tRr + = —nRr +
3 3Vr2 — R2 3 3Vr2 — R2
Now,d—v =0
dR
2 3mR3 — 2mRT?
= —ntRr =
3 3Vr2 — R2

= 2ryr2 — R?2 = 3R2 — 2r?
= 4r?(r° — R?) = (3R* — 2r®)? = 4r* — 4r*R? = 3R* + 4r* — 12R?*r?

872

:>9R4—8R2T2 = () :>R2 :?
1
N J2V 9y 3Vr2 —R? (2nr? — 9nR?) + (2nRr? — 3nR3)(—6R) e
T 9(r% — R?)
1
2 _ D2 2 _ 2 2 3

Comr 3Vvr2 — R? (2nr? — 9mR?) + (2nRr? — 3nR )(31?)2 ==
-3 9(r2 — R?)
Now, when R? = S—rE, it can be shown that ik < 0.

9 dR?




: : 81?
The volume is the maximum when R? = -

2 2 2
WhenRzzg%, heightofthecone=r+\/r2—8% =r+\/§=r+£=4§

Hence, it can be seen that the altitude of the right circular cone of maximum volume that can be inscribed

i : . 4r
in a sphere of radius r is &

Question 13:

Let fbe a function defined on [a, b] such that f‘(x) > 0, for all x € (a, b). Then prove that fis an increasing
function on (a, b).

Answer 13:
We have to prove that function is always increasing, i. e.
f(x,) > f(xy) forall x, > x. [Where X1, %3 € |a, b]]

Let x;and x, be two numbers in the interval [a, b],i.e. x{,x, € [a, b] and x, > x;.

Consider the interval [x,, x,].
Function fis continuous as well as differential in [x,, x,] as it is continuous and differential in [a, b].
Using Mean value theorem, there exists ¢ € [x4, x, |, such that

fxz) — fxq)

F(c) =
X2 — X4
Given that f'(x) > 0 forall x € |a, b].
Therefore, f'(c) > 0 forall x € [x{, x5].
L [ 2/ > fO) —fl) >0 = fap) > f(xy)

X2 — X4
Now, for the two point x4, x, € |a, b], where x, > x4, we have f(x;) > f(x1).
Hence, the functions f is increasing in the interval [a, b].

Question 14:
2R

Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of radius R is =

. Also find the maximum volume.
Answer 14:

A sphere of fixed radius (R) is given.

Let r and h be the radius and the height of the cylinder respectively.

h
From the figure, we have h = 2VR2 — r?2 2
O
The volume (V) of the cylinder is given by,
h
V =nr‘h =2ar%yR?% — r? 9
dv 2mre(—2r)
= Ay B2 e
7 ?IT\/ re+ VR =2
27t
= 47r+/R2 — 12

2VRZ — 12




 Anr(R*—r%) —2nr® 4nrR* — 6mre

VRZ — 2 VRZ — 12
Now, % =0 =4arRé—-6mnri=0
; 2R?
re =—
; (—27)
VRZ —12(41R? — 18712) — (47R? — 6713) ——ntt
e ( ) — ( D
"dR? R2 —r2
B (R? —r?)(4nR? — 18nr?) + r(4nR? — 61713)
3
(R?—12)2
B AmR? — 22nr®R% + 12nr* 4 4nr?R?
= 3
(R? - r2)2
¥ A 2
Now, it can be observed thatat r* = 22’ , zﬂ: < 0.
2
~. The volume is the maximum when r¢ = %
2 _ 2R - - _ 2 _2RT _ 2R
Whenr< = - the height of the cylinder h = ZV R s B F

2R

Hence, the volume of the cylinder is the maximum when the height of the cylinder is =

Question 15:
Show that height of the cylinder of greatest volume which can be inscribed in a right circular cone of height

h and semi vertical angle « is one-third that of the cone and the greatest volume of cylinder is %Hh%anza.

Answer 15:

The given right circular cone of fixed height (k) and semi-vertical angle («) is given. Here, a cylinder of
radius R and height H is inscribed in the cone. A
~GAO=q,0G=1r,0A=h, OE =R, and CE = H.

We have, -
r=htan a

Now, since AAOG is similar to ACEG, we have:

-2 2_-ZL  [EG=0G-O0E] B C
oG EG 1 r—R

h 1
= H i= ;—(r — R = htana(htana: —R) = —— (htana — R)
Now the volume (V) of the cylinder is given by,
5 TR? , R3
V=mnRH = (htana — R) = mR*h
tana tan a F QQ_D G
dv 3TR? e S |
= — = 2nRH
dR tana

3mR*

tana

NDW,d-—V =0 =2rnRH =
dR




2h

= 2htana = 3R =>R=?tana:
dty 6T R
Now, — = 2mh l
dR?Z tan a
h dsv h
And for R = 2—t.:.m @, we have: — = 2mh i (2 tan a') = 21mh — 4mh < (
3 dR?2 tana \ 3

- . . 2h
~By second derivative test, the volume of the cylinder is the greatest when R = ?tan a,

Whenli’:z;—htana, H=— (h tanfr—%tana)— - (htam)—i

tana tana 3 3

Thus, the height of the cylinder is one-third the height of the cone when the volume of the cylinder is the
greatest.
Now, the maximum volume of the cylinder can be obtained as:

y_ (th )Z(h)_ 4h2t . (h)_ 4 o
=TT 3 dl 3 m— I 3 an- o 3 —27171' an—o

Hence, the given result is proved.

Question 16:

A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic mere per hour. Then the
depth of the wheat is increasing at the rate of

(A) 1m/h (B) 0.1 m/h (C) 1.1 m/h (D) 0.5 m/h
Answer 16:
Let r be the radius of the cylinder.

Then, volume (V) of the cylinder is given by,
V = n(radius)® X height
=V = n(10)*h = 1007h

Differentiating with respect to time t, we have:

dV dh
TS 1007w It
The tank is being filled with wheat at the rate of 314 cubic metre per hour.
av ]
= T 314 m°/h
Thus we have, 314 = 100w %
dh 314 314 "

=>— = =
dt 100(3.14) 314
Hence, the depth of wheat is increasing at the rate of 1 m/h.

The correct answer is (A).




