Mathematics

(Chapter - 10) (Vector Algebra) (Exercise 10.1)

(Class - XI1I)
Question 1:
Represent graphically a displacement of 40 km, 30° east of north.
Answer 1:

Taking scale 10 km =1 unit
Here, the vector OP represent the displacement of 40 km, 30° East of North.
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Question 2:
Classify the following measures as scalars and vectors.
(i) 10 kg (ii) 2 metres north-west
(iii) 40° (iv) 40 watt
(v) 10-19 coulomb (vi) 20 m/s?
Answer 2:

(i) 10 kg is ascalar quantity because it involves only magnitude.
(ii) 2 meters north-west is a vector quantity as it involves both magnitude and direction.
(iii)40° is a scalar quantity as it involves only magnitude.

(iv) 40 watts is a scalar quantity as it involves only magnitude.

(v) 10-19 coulomb is a scalar quantity as it involves only magnitude.

(vi) 20 m/s? is a vector quantity as it involves magnitude as well as direction.

Question 3:
Classify the following as scalar and vector quantities.

(i) time period
(ii) distance
(iii) force
(iv) velocity
(v) work done
Answer 3:
(i) Time period is a scalar quantity as itinvolves only magnitude.

(ii) Distance is a scalar quantity as it involves only magnitude.
(iii)Force is a vector quantity as it involves both magnitude and direction.

(iv) Velocity is a vector quantity as it involves both magnitude as well as direction.

(v) Work done is a scalar quantity as it involves only magnitude.




Question 4:
In Figure, identify the following vectors.

(i) Coinitial (ii) Equal (iii) Collinear but not equal
a
P
d b
V¢&—— ¥V
- _
Answer 4

(i) Vectors a and d are coinitial because they have the same initial point,

(ii) Vectors d and b are equal because they have the same magnitude and direction.
(iii) Vectors a and ¢ are collinear but not equal. This is because although they are parallel, but their directions are
not the same.

Question 5:
Answer the following as true or false.

(i) aand —a are collinear.

(ii) Two collinear vectors are always equal in magnitude.

(iii) Two vectors having same magnitude are collinear.

(iv) Two collinear vectors having the same magnitude are equal.

Answer 5:
(i) True.
Vectors @ and —a are parallel to the same line.
(ii) False.
Collinear vectors are those vectors that are parallel to the same line. But it is not necessary that they are equal
also.

(iii) False.

Two vectors having same magnitude may have different direction, so they are not collinear.

(iv) False

Two collinear vectors having same magnitude are not equal when they are opposite in directions.




Mathematics

(Chapter - 10) (Vector Algebra) (Exercise 10.2)
(Class - XII)

Question 1:
Compute the magnitude of the following vectors:

d=1+]+k b =2i—7j - 3k; ¢=—1-

Answer 1.

The given vectors are:
% 2 X 1 1
a=1+4+j+k; b=21—-"7]—3k; c=—1+4

1 =
1.
33 V3

Therefore, we have

d] =12+ 12+ 12 =43

b| = 22 4+ (-7)2+ (-3)2 =V4 + 49 + 9 = V62

- [+ () - et o

Question 2:
Write two different vectors having same magnitude.

Answer 2;

Consider @ and b two different vectors as follows:
id=1—-2j+3k and b=2i+j-3k
Now,

@l =12+ (-2)2+32=V1+4+9=+"14

b| =22+ 12+ (-3)2=V4+1+9=14

Hence, the two vectors, which are different, having same magnitude.

Question 3:
Write two different vectors having same direction.

Answer 3.
Consider p and g two different vectors as follows:

p=i+7+3k and G=2i+2j+6k
Now the direction cosines of vector p are given by

1 1 1 1 3 3
[= =——, m-= =—— and n= = —
V12+12+32 11 V12 +124+32 11 V12 +124+32 11

The direction cosines of vector g are given by
2 2 1 2 2 1 6
[ —=——,m — = —

6 3
= = ’ = = e M= —  —
V22 + 224+ 62 V44 11 V22 +22+62 V44 11 V22 +224+ 62 V44 11

Here, p and q are different vectors, but they are in same direction as their direction cosines are same.




Question 4:
Find the values of x and y so that the vectors 21 + 3j and xi + yj are equal

Answer 4:
The two vectors 2! + 3j and xi + yJ will be equal if their corresponding components are equal.
Hence, the required values of x and y are 2 and 3 respectively.

Question 5:
Find the scalar and vector components of the vector with initial point (2, 1) and terminal point (-5, 7).

Answer 5:
The vector with the initial point P (2, 1) and terminal point Q (-5, 7) can be given by,

PQ=0Q-0P=(-5i+7))-(2i+]) = -7 + 6]
Hence, the required scalar components are -7 and 6 while the vector components are —71 and 6].

Question 6:

Find the sum of the vectorsd =1 — 2j + k, b = =2 + 4] + 5kand ¢ = { — 6] — 7k.
Answer 6:

The given vectorsare d = i — 2j + k, b = —2i+ 4j + 5k and ¢ = { — 6] — 7k, therefore

=(1—2]+k)+(-2i+4j+5k)+ (1 — 6] — 7k)
= (1— 21 +1)+ (-2] + 4] — 6§) + (k + 5k — 7k)
=0.i-4j—k=-4j-kF

Question 7:
Find the unit vector in the direction of the vector d =1 + | + 2k.

Answer 7:
The unit vector in the direction of a is given by

=

ﬁzﬂ
Here, |d| = V12 +12 4+ 22 =1+ 1 + 4 = /6, therefore

a4+ 2k 1n+1h+2§
d=T57= =i o~k =
|al V6 V6 V6 V6

=y

Question 8:

Find the unit vector in the direction of vector Fd where P and Q are the points (1, 2, 3) and (4,5, 6), respectively.

Answer 8:
The given points are P (1, 2, 3) and Q (4, 5, 6). Therefore,

PQ=0Q—-0P = (41+5]+6k)— (1+2j+3k) =30+3j+3k
The unit vector in the direction of P is given by
_PQ
PQ=*:Q'
|PQ]
PQ| =32 +32+32 =9 + 9+ 9 = v27 = 3v3, therefore
_ PQ 3i+3j+3k i+j+k
PQ=:Q= d - e

1 1 l
1 ] k
EEE VB 3 V3 A3

Here,




Question 9:

For given vectors, @ = 2i — j + 2k and b = —i + j — k, find the unit vector in the direction of the vector d + b.
Answer 9:

The given vectors are d = 21 — J + 2k and b = —1 7 — k, therefore

i+b =2i—j+2k)+(-1+j-k)=@i-D)+ (-] +))+ (2k - k)
=14+0.j+k=0+k
The unit vector in the direction of @ + b is given by
i+b
| + b
= V124 02 + 12 =+/1 + 0 + 1 = /2, therefore the unit vector is given by
i+b i+k 1
=—1F

1
@+b| V2 V2 V2

Question 10:
Find a vector in the direction of vector 5 — ] + 2k which has magnitude 8 units.

Answer 10:

Letd = 51 —j + 2k, therefore |d| = /52 + (—1)2+ 22 =vV25+1 + 4 =30

The unit vector in the direction of a is given by

d 5i—]+2k

al V30

Therefore, a vector in the direction of vector 5i — j + 2k which has magnitude 8 units, is given by
A (51‘—]+2E) 40 8 16 .

8a = 8 = |

el R

Question 11:
Show that the vectors 21 — 3] + 4k and —41 + 6] — 8k are collinear.

Answer 11:
Leta = 2?—3}+4Eandg= —41 + 6] — 8k
Here, b = —41 + 6] — 8k = —2(2i‘ =37+ 4!?) = —2d = b = Ad, where 1 = —2

— = .
Hence, vectors a and b are collinear.

Question 12:

Find the direction cosines of the vector § + 2] + 3k.
Answer 12:

Letd =i + 2j + 3k, therefore

=J12+22+32=V1+4+9=+14

The unit vector in the direction of a is given by

a t+27+3k 1 " 7 » 3 :
a:Tz = —1 —_— ——
@ vi4 r vy

Hence, the direction cosines of the vector a =i + 2j + 3k ar

EW Y




Question 13:
Find the direction cosines of the vector joining the points A (1, 2, -3) and B (-1, -2, 1) directed from A to B.

Answer 13:

The given pointsare A (1, 2,-3) and B (-1, -2, 1). Therefore
AB=0B—-0A=(-1-2j+k)- (i +2]-3k) = —2i - 4f + 4k
The unit vector in the direction of ﬁ IS given by

_ AB

AB = —

48]

Here, ‘Eﬂ = \/(—-2)2 +(—4)2 + 42 =4 + 16 + 16 = V36 = 6, therefore

. AR ~-E-giaE S-34E 1. 2. 8.
AP == = = el
4B 6 3 3 3

Hence, the direction cosines of the vector AB =i+ 27 + 3k
1

( 2 2
3" 38
Question 14:
Show that the vector § + j + k is equally inclined to the axes 0X, OY, and OZ.

Answer 14
Letd =1+ ] + k, therefore
d|=y12+12+12=V1+1+1=13

The unit vector in the direction of a is given by

d i+j+k 1 : i " 1 ;
ad=—= =—=i+—=]+—=
i~ V3 V3 V3 3
Hence, the direction cosines of the vector @ = i + J + k are

( 1 1 1 )

V3'V3'V3

Now, let o, B, and y be the angles formed by a with the positive directions of x, y, and z axes.
Then, we have

1 1
cOSa@ =—,C0S8§ =—,COS8y =

V3’ V3

Hence, the given vector is equally inclined to axes 0X, OY, and OZ.

1
V3

Question 15:

Find the position vector of a point R which divides the line joining two points P and Q whose position vectors
areil + 2j — k and —i + J + k respectively, in the ration 2:1

(1) internally (ii) externally
Answer 15:
The position vector of point R dividing the line segment joining two points P and Q in the ratio m: n is given by:
mb + na
Internally:
m+n
mb — nd
Externally:
m-n

Position vectors of P and Q are given as: OP =i+ 2j—k and 0Q=-1+]+k




(i) The position vector of point R which divides the line joining two points P and Q internally in the ratio 2:1 is
given by,
. 2(-1+j+k)+1(i+2]-k) -i+4j+k 1 4 1

OR = 3 =g gl tg] 5k

(ii) The position vector of point R which divides the line joining two points P and Q externally in the ratio
2:1is given by,

P -~ o~

2(—1+7+k)—1{(1+2]—-k) -314+0.7+3%k -
([ 2 2)_10 ! )— I 11 = -3+ 3k

OR =

Question 16:
Find the position vector of the mid-point of the vector joining the points P (2, 3,4) and Q (4, 1, - 2).

Answer 16:
The position vector of mid-point R of the vector joining points P (2, 3, 4) and Q (4, 1, - 2) is given by,

5ﬁ=(2i‘+3j+4!€)+(4i+j—2i£)
2

o

61 + 4] + 2k

Question 17:
Show that the points A, B and C with position vectors, @ = 31 — 4] — 4k, b = 2i —f+kand¢=1-3j-5k
respectively form the vertices of a right angled triangle.

Answer 17:
Position vectors of points A, B, and C are respectively given as:

OA=d=31—-4—-4k0B=b=21—j+kandOC =&=1-3]— 5k
Therefore,

Now,
[AB| = /(-1)2+32+52=vV1+9+25 =135
= ‘ﬁ‘z =35

BC| = (-1)2+ (=2)2+ (-6)2=V1+ 4+ 36 = V41
=5 ‘ﬁ‘z =41

CA| =22+ (-2 +12=V4+1+1=+6
:‘Eﬂz:ﬁ

e g — 2
AB| +|CA| =35+6=41=|BC

Here,

Hence, ABC is a right-angled triangle with right angle at A.




Question 18:
In triangle ABC which of the following is not true:

(AYAB+BC+CA=0
(B)AB+BC—-AC =0

(C)AB+BC-AC =0
(D)AB-CB+CA=0
Answer 18:
On applying the triangle law of addition in the given triangle, we have:
AB + BC = AC .. (1)
= AB + BC = —CA

—_—  —s — —3

= AB+BC+CA=0 . (2)

. The equation given in alternative A is true.

—_ —s —
AB+ BC = AC

— = =
= AB+ BC — AC =0

.. The equation given in alternative B is true,

From equation (2), we have:

= = =
AB—-CB+CA=10

~.The equation given in the alternative D is true.

Now, consider the equation given in alternative C:

— — —
AB+BC —-CA=0

et e
= AB+ BC =CA ....[»3)

From equation (1) and (3), we have:

e —

AC =CA
— —
= A(C = —AC

—
= AC+ AC =10

_::"' .
= 2AC =10

4}. .
= AC = 0 which is not true.

Hence, the equation given in alternative C is incorrect.

The correct answer is C.




Question 19:

If @ and b are two collinear vectors, then which of the following are incorrect:
(A) b = Ad, for some scalar 1.
(B)d = +b

(C) the respective components of @ and b are proportional.

(D) both the vectors a and b have same direction, but different magnitudes.
Answer 19:
If @ and b are two collinear vectors, then they are parallel.

-3

Therefore, we have: b = 1a (for some scalar A)
Hence, option (A) is true.

IfA =41 wehaveb = +dord = +b
Hence, the option (B) is also true.

If  and b are two collinear vectors, then they are parallel. The respective components of parallel vectors are
proportional.
So, the option (C) is not true.

Hence, the option (D) is correct.




Mathematics

(Chapter - 10) (Vector Algebra) (Exercise 10.3)
(Class - XII)

Question 1:

Find the angle between two vectors a and b with magnitudes V3 and 2, respectively having d. bh=+6
Answer 1:

It is given that, |d| = V3, |E| =2 and d@.bh =6

d.b = |Ei||5\c059

Now, we know that

V6 =3 X2 Xcos@

/6
::'c:0156‘—\/1§m2
Fis
ﬁcosﬁ—ﬁ :’9_1

o W
Hence, the angle between the given vectors a and b is 7

Question 2:
Find the angle between the vectors 1 — 2]+ 3k and 31 — 2j + k

Answer 2:
The given vectors are @ = { — 2] + 3k and b=31—2]+k

dl =12+ (-2)2+3%2 =V1+4+9 =414
bl =324+ (-2)2+12 =/9+4+1 =14
Now,d.b = (i — 2f + 3k)(31 — 2] + k)
=13+4+(-2)(-2)+3.1=3+4+3=10
Also, we know that d.b = |d||b| cos 6
%10 = V14v14 cos 6
10 5 B o

= cosf = =7 therefore, 8 = cos (?)
Question 3:
Find the projection of the vector i —j on the vector?{ + J.

Answer 3:

Let d =f{—fjandb =1+ ]
Now, projection of vector @ on b is given by,

1 1
W(a.b) = \/1+1[1.1+(—1)(1)] =5 (1-1)=0

Hence, the projection of vector @ on b is 0.

Question 4:
Find the projection of the vector { + 3] + 7k on the vector 7t — | + 8k.

Answer 4:
Let @ =1+ 3]+ 7kand b =7i— + 8k
Now, projection of vector a on bis given by,

i(*‘E)-— : [1(7) + 3(=1) + 7(8)] = i S
b u ST ()% + 82 ON= o 1res  viia

Question 5:
Show that each of the given three vectors is a unit vector:

;(23+ 3] + 6k), ;(3'-'3— 6] + 2k), %(6“ 2j — 3k)

Also, show that they are mutually perpendicular to each other.




Answer 5:

. B —fra ey 97
}etf —(21+3jﬁ+6k2 —gt+g{+,?k
c=;(6£+2j—3k)=;z+;j—;k

3)2+(6)2_ 4+9 |36_1
7 7) 49

2
il = |(7) +(
A \7 J49 49 49
5| = (3)2+( 5)2+(2)2_ 9,36 4 _
\\7 7 7 49 149 49
. (6)2_'_(2)2_'_( 3)2 36 4 9 .
cl= ||z = —=] = F— =
\\7 7 7 J49 45 4P
Thus, each of the given three vectors is a unit vector.
*B’—Z 3 3 —6) 6 2 6 18 12 e
Go =X T\ 7 )T 77779 19 39
E*—gxﬁ'(6)x2+zx(3)—18 12 6_0
T7r7T\7 )77\ 7 )T 49749 49~
.. 6 2 2 3 ( 6 18 &b
Ca=g7XxX77T3 ) ?_49 49 49

Hence, the given three vectors are mutually perpendicular to each other.

Question 6:

Find |@| and |b|,if (d + b).(d@ — b) = 8and |d| = 8|b|.
Answer 6:
(G+5).(a-b)=8 =dd-db+bad—bb=8 = |a@|? — ||’
s S 2 —s
= (8|b|) —|b| =8 |Given that: |d| = 8|b|]
= 64 I:i'|2 — \B’\z =8
635" =8 theref B = =
= = erefore, =3
= |b| = \L—i [Magnitude of a vector is non- negative]
5 2V2
= |h| = —
bl =2
. L 8x2V2 16V2
= |d| = 8|b| = = —
3V7 3V7
Question 7:
Evaluate the product (3d — 55) (2a + 75)
Answer 7:

(3d@ —5b).(2d + 7b)

= 3d.2d + 3d.7b — 5b.2d — 5b.7b
= 6d.d + 21d.b — 10d.b — 35b.b
= 6]d|? + 11d.b — 35B|




Question 8:
Find the magnitude of two vectors a and b having same magnitude and such that the angle
between them is 60° and their scalar product is %

Answer 8:

Let 6 be the angle between the vectors a and b
[t is given that |d| = |b|,d.b =% and 0 = 60° .. (1)

We know thatd. b = |&|‘E‘ cos 6
1

=1 |d||d| cos60° [ using (1)]

= —|*|2><1
g — 1B

= lal? =1

:‘E‘:]

=l

—

Question 9:
Find |x|, if for a unit vector a, (¥ — a). (¥ + a) = 12.

Answer 9:

[|a| = 1 as a is a unit vector]

=L 2l =L -

Question 10:

Ifd =20+2f+ 3k, b=—1+2j+k and & = 31+ J are such that @ + Ab is perpendicular to &, then find the
value of A.

Answer 10:
The given vectors are @ = 2i + 2] + 3k, h=—1+ 2+ k and ¢ =3i+]
Now,d + Ab = (2i + 2] +3k) + (=i + 2j + k) = 2 - Di+ 2 +21)j + (3 + Dk
If (@ +Ab).c =0
= [2-Di+2+20)j+ B+ Dk|.Bi+)) =0
=>2-A)3+24+20)1+3+21)0=0
=2>6—314+2+2A=0
= —-A4+8=0
=l =8
Hence, the required value of A is 8.

Question 11:
Show that: |d|b + |E|& is perpendicular to @l — ‘E‘Ei for any two non zero vectors a and b.

Answer 11:
(ldlb + |b|@).(ld@|b — |b|d)
= |@|?b.b — |&||b|b.d + |b||dld.b — |b| d.d
22|21 _ 17151212
= ldl*|p| — |b[ lal* =0

Hence, |G|b + |E‘ci' and |d|b — ‘E‘c’i are perpendicular to each other.




Question 12:
If @@ = 0 and @. b = 0 then what can be concluded about the vector b?

Answer 12:
It is given that @.d = 0and d.b =0
Now,a.a =0
= |al*=0
= la| =20
~ d is a zero vector.

Hence, vector b satisfying a. b =0 can be any vector.

Question 13:

Answer 13:
G+b+¢ = (@+b+¢).(@+b+7)
= |a|? + || +181? +2(@.b+b.é+¢.a)
>0=1+1+1+2(@.b+b.c+éad)
= (@.b+b.¢+¢.d) =_73

Question 14:

If either vectord = 0 or b = 0 then @.b = 0 But the converse need not be true. Justify your answer with an
example.

Answer 14:
Considerd = 2{ + 4/ + 3k and b =31+ 3] —6k
Then,d.b =23+ 43+3(-6)=6+12—18=0
We now observe that:
d| = V22 + 42 + 32 =+/29
~d#0 so ‘E‘ = ﬁ2+32+(—6)2=\@
~b#0
Hence, the converse of the given statement need not be true.

Question 15:
[f the vertices A, B, C of a triangle ABC are (1, 2, 3), (-1, 0, 0), (0, 1, 2), respectively, then find £ABC.

|£ABC is the angle between the vectors BA and ﬁ]

Answer 15:
The vertices A, B, Care givenas A (1, 2,3),B(-1,0,0),and C (0, 1, 2).

Also, it is given that £ABC is the angle between the vectors BA and BC
BA={1-(-D}+@2-0)j+@B-0)k=204+2j+3k
BC={0—-(-D}+Q-0)j+Q2-0k=1+]+2k

~ BA.BC = |Eﬁﬂ ‘B_C"| cos(<2ABC)

~ 10 =17 x V6 cos(2ABC)

10
= ¢ABC = cos™! (—)

= cos(£ABC) =
v102

10
V17 x V6
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Question 16:
Show that the points A (1, 2,7),B (2, 6, 3) and C (3,10, -1) are collinear.

Answer 16:
The given pointsare A (1,2,7),B (2,6,3),and C (3, 10, -1).

AB=(02-1i+(6-2)j+@B—=7k =1+ 4] — 4k
BC=(3-2)i+10-6)j+(—1-3)k =1+ 4] — 4k

AC=@B-1i+10-2)j+(-1-7k=12i+8j—8k
AB|=124+42+ (—4)2=V1+ 16 + 16 =33

BC|=12+ 42+ (—4)2 =V1+ 16 + 16 = V33

AC| = /22 + 82+ (—8)2 = V4 + 64 + 64 = V132 = 2V/33
~ |A€| = |4B| + |BC|

Hence, the given points A, B, and C are collinear.

Question 17:
Show that the vectors 2§ — j + k, i — 3j — 5k and 3 { — 4] — 4k form the vertices of a right angled triangle.

Answer 17:
Let vectors 2{ —f+ k, i — 3] — S5k and 31— 4] — 4k be position vectors of points A, B, and C respectively.

ie. 0A=21—j+k, OB =1—3j—5k and OC = 31— 4] — 4k
Now vectors AB, BC and AC represent the sides of AABC

ie. AB=(1—-2)i+(-3+Dj+(-5-1Dk=—-1—-2]—6k
BC=B-1i+(-4+3)j+(—4+5k=2i—j+k

AC=02-3)i+(-1+4)j+ A +4k=—-i+3]+5k
AB| = J(-1)2+ (-2)2 + (-6)2 =V1 + 4 + 36 = V41

BCl=J22+(-1)2+12=vV4+1+1=+6

AC| =(-1)2+32+52=+1+9+25=+35

e - —_— 2
BC| +|AC| =6+35=41=|AB|
Hence, AABC is aright-angled triangle.

Question 18:

If d@ is a nonzero vector of magnitude ‘a’ and A a nonzero scalar, then Ad is unit vector if
1

(A) A=1 (B) A=-1 (C) a=|A| (D) a=n

Answer 18:
Vector Ad is a unit vector if |Aa| = 1

Now, |[da| =1
Al|@] = 1] # 0]

-

1 =1
al =r-llal = a

1

Hence, vector Aa is a unit vector if a = m

The correct answer is D.




Mathematics

(Chapter - 10) (Vector Algebra) (Exercise 10.4)
(Class - XII)

Question 1:
Find |d@ x b| ,ifd =1 —7j + 7k and b = 31 — 2j + 2k.

Answer 1:
We have
d=1i{—7/+7k and b = 31— 2] + 2k
R L 3 .
ixb=|1 —7 7|=i(-144+14)-72-21)+k(-2+21) =19j + 19k
3 -2 2

s |d x b| = /(19)2 + (19)% = 19V2

Question 2:
Find a unit vector perpendicular to each of the vector a + band d —b where d = 31+ 27 + 2k and
b=1+2]—2k.
Answer 2:
We haved = 31+ 2j + 2k and b =1+ 2] — 2k
nd+b=4i+4] and d—b = 20+ 4k

M

(@+b)x(d—b)= ; ’; E = {(16) — j(16) + k(—8) = 16i — 16] — 8k

2 0 4

(@ +b) x (d—b)| = /162 + (—16)2 + (—8)?

= /22 X 82 4+ (—2)2 x 82 + (—8)2

=822+ (-2)2+1=8V/9=8x3 =24

Hence, the unit vector perpendicular to each of the vectors a + b and d—b given by the relation,

(@+b)x(@a—b)  16i—16j—8k  20—2j—-k 2
=+ s = =1 =+ =+ =
“l@+p)x(@-o) 24 3

)

Question 3:
T . T .

If a unit vector d makes angles 3 with 7, 2 with j and an acute angle 6 with

k , then find 0 and hence, the components of a.

Answer 3:

Let unit vector a have (a4, a,, a3) components.
Since @ is a unit vector, |a| = 1

A 5 T " -
Also, it is given that @ makes angle 5 with i,

We have: cusgzﬂ—j = %zm [la] = 1]

7and an acute angle 8 with k then,

+ | 3

Ly . ST —
4 |d vz o 2

And also cos@ =— = a; = cos#H

Now, |a| =1

1 &% 1
= Ja 2+ a2 +a32 =1 :(E) +(—) + cos?8 =1

1 1 3
P =o =+ cos?t = 1 2;"*14—{:{]5‘39:

3
= c0s5%0 = 1—;=

1
- 4
=0 =-=

3
T 1
s g = C0ST- =<
: 3 2

- 1
Hence & = g and the components of a are (E'

4l-
B | =
o




Question 4:
(@—b)x(d+b)=2(dxh)

Answer 4:
LHS = —F-j a -j
—3 —Jr
r.'iJ' E:u :-:f;.-+

—p—}
-b)xb
—1—1—}—’}—}
—axda-— hxﬂ+ﬂxh b x
— = = =

=0+agxb+axb-=0
iy . i)

=2axh
= RHS

Question 5:
Find A and u if (2(+ 6] + 27k) x (i + Aj + uk) = 0.

]
b

Answer 5:

(2t + 6] +27k)x (i+Aj+uk) =0
i ]k )

> (2 6 27[=00+0j+ 0k
1 A 7

= 1 (6u—270) -] Qu—-27)+k (22 —6) = 0i + 0] + Ok

On comparing the corresponding components, we have: 6y — 274 =0 = 2u—27 =0
= 21—-6=0

Now,2A—6=0=>A=3

27

Hence,A =3 and ,u=§

Question 6:
Giventhat @b =0 and dxb =0 )
What can you conclude about the vectors a and b ?
Answer 6:
Ifd. b = 0, then, either |d@| = 0 or |E‘ =0 ord Lb (Incase d@ and b are non zero)

Ifd x b =0 then, either |d| = 0 or ‘E‘ =0 or dll b (Incase dand b are non zero)

But @ and b cannot be perpendicular and parallel simultaneously.
Hence, |a| = 0 or |E‘ = )

Question 7:
Let the vectors a,b,¢ be given as ai+a,j+ask, bi+b,]+bsk,

E|f+£‘2}+{.‘3:{;. Then show that & x (b +¢&)=dxb+adxc.

Answer 7:
G=a,i+a,f+azk, b=bi+b,j+bk T=c,i+c,]+cqik
(b+ &) = (by + c)i+ (by + c3)f + (b3 + c3)k

) i j k
Now,dx (b+¢)=| a a, a3
bi+c; by+cy by + 4

= [ag(bs + c3) — az(by + 3 )] — jlay(bs + ¢c3) — as(by + ¢)] + k [a; (b2 + ¢3) — az(by + )]

=1ilaybs +ayc3 —azb, —asc, | —jlajbs + a;c3 —aszb; —aze | + k la by + ayc, —ayby —ayeq] .. (1)




_ J k ;
d% b= a4 ad, dz| = E[azbg — agbz] +j [a3b1 - albg] + k [a1b2 = azbl] (2)
by b, bs
] j k A
aXxc= a4 a, asz| = E[ﬂzCS — aECZ] +j [ﬂgcl — alcg] + k [G.lCz — azcl] (3)
Ci £3 €3

On adding (2) and (3), we get: (d X B) + (d x ©)
= [lazbz + aycs —azc; —azb,| +j lazhy +azey —a;bz — ac3]
+k |laib; + a1¢; — azby — azcq] ... (4)
Now from (1) and (4), we have
ix(b+&)=dxb+dx?é
Hence, the given result is proved.

Question 8:
If eitherd = 0 orb =0 Thend x b =0 Isthe converse true? Justify your answer with an example.

Answer 8:

Take any parallel non-zero vectors so that a X b=0
Let d =20+ 3j+4k, b=4i+6j+8k

— !' j E ~ -~ —3
Then,dxb=|2 3 4|=1(24-24)-7(16-16)+k(12—12)=0i—0j—0k =0
4 6 8

It can now be observed that:
|d] = V22 + 32 + 42 =+/29

nd#0
|b| = V4% + 6% + 82 = V116
b #0

Hence, the converse of the given statement need not be true.

Question 9:
Find the area of the triangle with vertices A (1, 1, 2),B (2, 3,5)and C (1, 5, 5).
Answer 9:
The vertices of triangle ABC are givenas A (1,1, 2),B (2, 3,5), and C (1, 5, 5).
The adjacent sidesAB and BC of AABC are given as:
AB=0Q2-1Di+@B-1]+G-2)k =i+2]+3k
BC=(Q1-2)i+(-3)j+(GB-5k =-i+2j
Area of AABC == |4B x BC|

., v J K 5 5
AB X BC=|1 2 3|=0(—6)—j(3)+k(2+2)=-61—3j+4k
-1 2 0

|AB x BC| = \/(—6)2+ (=3)2+42=+36+9 + 16 = V61

. 61 :
Hence, the area of AABC is % square units.

Question 10:

Find the area of the parallelogram whose adjacent sides are determined by the vector a

"

20— ]+ K
Answer 10:
The area of the parallelogram whose adjacent sides are a and b is ‘&' X E‘

I
|
—>
a4
W

Adjacent sides are givenas:d = { —j + 3 k and b =2i— 77+ k




i 7k
{1 1 3
7 =7 1
@ x b| = /(20)%2 + (5)2 + (=5)2 = V400 + 25 + 25 = 15v2

={(-14+2D)-j(1—-6)+k(-7+4+2)=20i+5]—-5k

=
X
g
|l

Hence, the area of the given parallelogram is 15v2 square units.

Question 11:

—> e — = 2 — g . . .
Let the vectors a and b be such that |d| =3 and |b| = \/?_ then a X b is a unit vector, if the angle between

—%

a and b is

(4) = (B)

6
Answer 11:

(€)

Wl

(D) =

|3

It is given that |d| = 3 and |b| =§

We know thatd X b = |a| |E| sin 8 i, where 1 is a unit vector perpendicular to both a and b and @ is the angle

between @ and b.

Now, d X b is a unit vector if ‘Ei X b‘ =1, s0

‘&XE|=1=> |&||E|sin9|=1

V2 1 T

= 3X—Xsinf=1=2sinf=— =0=-—

3 V2 4
T

Hence @ X b is a unit vector if the angle between a and bis =

I&'I|E| sin9ﬁ| =1 =

The correct answer is (B).

Question 12:
Area of a rectangle having vertices A, B, C, and D with position vectors —I + %j‘ + 4k, i+=]+ 4k,

P — %j‘ +4k and —1-— %j‘ + 4k respectively is:
(4) (B) 1 (©) 2 (D) 4

2
Answer 12:

The position vectors of vertices A, B, C, and D of rectangle ABCD are given as:

1,

) Ej“‘i]-E, ) E_] 4;:',?—

S

j+4k and —1i— %f + 4k respectively
The adjacent sides AB and BC ofthe given rectangle are given as:

AB=(1+Di+(5-3)j+ (- =2

BC=Q1-1Di+(—5—5)j+@-Dk=—j

ot

i j ok
~AB X BC = |2 0 0| =—2k
0 -1 0

|[AB x BC|=/(-2)% =2

Now, it is known that the area of a parallelogram whose adjacent sides are a and b is |Ei X E|

Hence, the area of the given rectangle is |[AB x BC| = 2 square units.
The correct answer is (C).




Mathematics

(Chapter - 10) (Vector Algebra) (Miscellaneous Exercise)
(Class - XII)

Question 1:
Write down a unit vector in XY-plane, making an angle of 30° with the positive direction of x-axis.

Answer 1:

If ¥ is a unit vector in the XY- plane, then7 = cos8 1+ sin@

Here, 0 is the angle made by the unit vector with the positive direction of the x-axis.
Therefore, for 6 = 30°:

v3 1
7 =c0s30°i{+sin30° ) =—1i+=J
2 2
: . .. VBa &
Hence, the required unit vector is 5 L ]

Question 2:
Find the scalar components and magnitude of the vector joining the points

P(x1,y1,21) and Q(x3,¥2,2;)
Answer 2:
The vector joining the point P(x,,y1,2;) and Q(x5,V>,25) P—Qf = Position vector of Q —
Position vector of P
= (xz —x )i+ (2 —y1)f + (22 — z1)k
\ﬁﬁl = /(2 —x1)2 + (V2 — y1)? + (25 — 21)?
Hence, the scalar components and the magnitude of the vector joining the given points are respectively

{(x —x1),(¥y2 = ¥1), (22 — z) } and \/(xz — )+ [ — W)= e lzg—z )%

Question 3:
A girl walks 4 km towards west, then she walks 3 km in a direction 30° east of north and stops. Determine the
girl’s displacement from her initial point of departure.

Answer 3:
Let O and B be the initial and final positions of the girl respectively.
Then, the girl’s position can be shown as: s+ N
Now we have , 04 = —4i
AB = i|AB| cos 60° + j|AB| sin 60° .
1 V3 >/
=3 %= +/3X— 30° N\
2 2 ~/ AN
3. 3V3 5 A60° N\ E,
~3t gt A 4km |0

By the triangle law of vector addition, we have:
OB = 0A + AB
3 33 ) $ o

=>(—41)+(§1 F= ]

= > L 5 ]
Hence, the girl's displacement from her initial point of departure i ls—r, j

QI




Question 4:
If @ = b + ¢ then is it true that |d@| = ‘E‘ + |¢| 7 Justify your answer.

Answer 4:

In AABC, Let CB =d, CA=b,and AB =2¢
(as shown in the following figure)
Now, by the triangle law of vector addition, we have @ = b + C.

It is clearly known that |a|, |E‘ and |c| represent the sides of AABC.
Also, it is known that the sum of the lengths of any two sides of a triangle is greater than the third side.

d| < |b| + |€]

Hence, it is not true that |a| = ‘E‘ + |c]

Question 5:
Find the value of x for which x(‘i +j + E) IS a unit vector.

Answer 5:
x(T+ f + k) is aunitvector if |[x(£+ j + k)| = 1
Now, |x(+]+ k)| =1

> Vx2 +x2+x2 =1

1
=>v3x¢=1 = x=+—

V3

. : 1
Hence, the required value of x is +—

V3

Question 6:
Find a vector of magnitude 5 units, and parallel to the resultant of the vectors d = 2{ + 3] — k and

—

b=1-2j+k.
Answer 6:
Wehave,d = 2i+3j—k and b=1—2j+k
Let ¢ be the resultant of @ and b
Then, =d+b=0Q+1)i+B-2)j— (-1+ Dk =31+
218l =vV32+12 =9 +1=+V10

.a_ € _ (Bi+])
"CTE T Voo
Hence, the vector of magnitude 5 units and parallel to the resultant of vectors a and b is
1 3v10©T 107
+5.6 = +5.—— (314 ]) = + T e’
V10 2 2

Question 7:

Ifd=i+j+k b=20—j+3k and é=1—2j+k, find a unit vector parallel to the vector 2d — b + 3¢
Answer 7:

we have,d =i+j+k, b=20—7+3k andé=i—-2j+k

2 —b+3¢=2(+j+k)— (2i—7+3k) +3(1—2j
=2i+2j]+2k—20+]—-3k+31—6/+3k=31—3]+
[2d —b +3¢] =32+ (-3)2+22=9+9+4 =22

Hence, the unit vector along 2a — b+ 3¢ is given by

26 —b+3¢ 3i—-3+2k 3 3 2

-

— - 'f “_l___
2a—B5+3¢] V22 V22 22 22

k




Question 8:
Show that the points A (1, -2, -8),B (5,0,-2) and C (11, 3, 7) are collinear, and find the ratio in which B divides

AC.
Answer 8:

The given points are A (1,-2,-8),B (5,0,-2),and C (11, 3, 7).

AB=(G-1i+0+2)j+ (-2+8)k =41+ 2j + 6k

BC=(11-5)i+B-0)j+ (7+2)k =6i+3]+9k

AC=(11-1Di+B+2)]+ (7 +8)k =100+ 5] + 15k

=V42 + 22+ 62 =16+ 4+ 36 =56 = 2414

BC| =62+ 32+ 92 =36 +9 + 81 = V126 = 3V14

AC| = \/(10)2 + 52 + (15)2 = +/100 + 25 + 225 = V350 = 514

=

»

C
~ |AC| = |AB| + |BC|

Thus, the given points A, B, and C are collinear.

Now, let point B divide AC in the ratio A : 1 then, we have

— A0C
0B = (A+1)

R, _AQA15+ 37+ 7k) + (i — 2] — 8k)

(A+1)
= A+ 1)(5f—2k) =111+ 317+ 71k +1—2j — 8k
5+ DI-2Q0+Dk=Q12+ D1+ B1-2)j+(72-8) k
On equating the corresponding components, we get:
5A+1)=111+1
5A+5=111+1 56l=4=>1=2=:
Hence, point B divides AC in the ratio 2:3

Question 9:
Find the position vector of a point R which divides the line joining two points P and Q whose position vectors are

(2{’1" + E) and (Ei. — 35) externally in the ratio 1: 2. Also, show that P is the midpoint of the line segment RQ.
Answer 9:

tis given that OP = 2d + b, 0Q = d — 3b

It is given that point R divides a line segment joining two points P and Q externally in the ratio 1: 2. Then, on

using the section formula, we get:
R — 2 (2a+b)—(d-3b) _ 4d+2b-d+3b
2—1 1
Therefore, the position vector of point Ris 3a + 5b
0Q+0R

= 3d+5b

Position vector of the mid-point of RQ =

_ (E-Bb)-;(Sﬁ'-bSb) — 9 O¢ _ 7P

Hence, P is the mid-point of the line segment RQ.

Question 10:

The two adjacent sides of a parallelogram are 2i — 4f + 5k and i — 2j — 3k. Find the unit vector parallel to its
diagonal. Also, find its area.

Answer 10:
Adjacent sides of a parallelogram are given as: @ = 2{ — 4j + 5k and hb=1— 27 — 3k
Then, the diagonal of a parallelogram is given by a + b= 2+ 1)i+(—4— 2+ (5 -3k =31—6]+ 2k




Thus, the unit vector parallel to the diagonal is

a+b _ _3i-6j+2k _31-6/+2k 3i-6j+2k 3 6. 2.
@d+b| J32+(-6)2+22 V9+36+4 7 “7'7777
= Area of parallelogram ABCD = |::'£ X E:-‘
| j k
ix b=|7 _ 4 gl = (12 + 10) = j(—=6 = 5) + k(=4 + 4)
1 -2 =3
=22i+11] =11(2i+))
s |dx b| =11V22 +12 = 115
Hence, the area of the parallelogram is 11+/5 square units.
Question 11: : 3
Show that the direction cosines of a vector equally inclined to the axes OX, OY and OZ are * R E EE]

Answer 11:
Let a vector be equally inclined to OX, OY and OZ at an angle «

So. the DCs of the vectors are cosa .cosa and cosa.

Theretore,
1 ;o 1
COS X +CO8 X+CO8 O = l

== 3cos o =1

; |
— COS O =—

3

|
— CO0Sf =T —

J3

] ] |
= 2 :
Thus. the DCs of the vector are {\@ wﬁ \ﬁ ] .

Question 12:
Letd = i+ 4j + 2k, b=31—2j+ 7k, and & = 2i — j + 4k Find a vector d which is perpendicular to both
d and b and ¢.d = 15.

Answer 12:
Let d = dqi+ d,j + dsk
Since d is perpendicular to both @ and b
dd=0 =d;+4d,+2d;=0 . (D)
And, db=0 =3d;,—-2d,+7d;=0 .. (i)
Also, it is given that: ¢.d = 15
= 2d, —d, +4d; =15 | EEL)
On solving (i), (ii), and (iii), we get:
dy ==, d=—-2, and d3 = -
~d==-1-24j - =k = (160i — 5] — 70k)
Hence, the required vector is-g- (1607 — 57 — 70k).

Question 13:

The scalar product of the vector { + j + k with a unit vector along the sum of vectors2i + 4f — 5k and A1+ 2j +
3k is equal to one. Find the value of A.

Answer 13:
(2t +4j—5k)+ (A1 +2j+3k)=(2+ i+ 6] — 2k
Therefore, unit vector along (2?3 + 4] — SE) 5 (/'l i+ 2] + 3!:5) is given as:
- @+Di+ej-2k @+ Di+6j—-2k  (2+Di+6]—2k
CJ2FDZ+(6)2+(-2)2 VA+AA+A2+36+4 VAZ+4A+ 44




Scalar product of (£ + j + k) with this unit vector is 1.
(2 +2)L+6]— 2k

VA2 + 41 + 44

2421)+6—2
=>( ) =1 =>\f/12 4A+44 =1+6
VAZ + 41 + 44

= A% + 41+ 44 = (A + 6)°

= A2+ 41+ 44 = 1* + 124 + 36
=%81l=8 =54=1

Hence, the value of A is 1.

= (i+]+k). 1

Question 14:

If a, E,E are mutually perpendicular vectors of equal magnitudes, show that the vector a + b+ Cis equally
inclinedto a,b and ¢

Answer 14:
Sinced, b and ¢ are mutually perpendicular vectors, we have
d.b=b.¢=¢.d=0.
It is given that |a| = ‘E‘ = [g]
Let vector @ + b + Zébeinclinedtod, b and & at angles, 84, 8,,and 85 respectively.
Then we have,

N L b+ ¢).d dd+ bd+ cd
" lda+ b+ éldl |a+ b+ élal
al” .= éd=0)

= — = .4 =

d + b+ c|ld|

_ 4|

G+ b+ ¢

e, (@ b+ ¢).b d.b+ b.b+ ¢.b
“la+ b+ 2| |a+ b+ &b
2

= ‘J . [d.b= &.5=0]

@+ b+ c||b

____|p|

G+ b+ ¢

_ o _(@+b+&)c dac+bi+cic
T lé+ b+ &l |é+ b+ &)

=22

. (6.6 = b.¢ = 0]

la+ b+ ¢||c]
_ e

i+ b+ ¢
Now, as |d| = |E| = |¢’| cosf; =cos B, =cosf-
0 =6, = 03

Hence, the vector ( @ + b + ¢) is equally inclined to @, b and ¢




Question 15:
— —3 — il — — = —
Prove that, (d + b).(d + b) = |d|* + |b| ifand onlyif d, b are perpendicular, givend # 0,b # 0.
Answer 15:

@+ B).(a+5) = |al + 5|

> d.d+db+bd+bb= ld|? + ‘E\E | Distributive of scalar product over addition]
= |al¢ + 2a. b + ‘E‘ = |a|® + IFd |Scalar product is commutative]

=:-2a.b=_.ﬂ =d.b=0 o

~» d and b are perpendicular. a+ 0, b#0 (Given)

Choose the correct answer in Exercises 16 to 19.

Question 16:

If © is the angle between two vectors a and b,thend.b =0 only when
(4) 0<0<7 (B) 0<6<~ (C) 0<8<m (D) 0<H<m

Answer 16:

Let 0 be the angle between two vectors a and b.

Then, without loss of generality a and b are non- zero vectors so that la| and |E| are positive.
It is known that d@. b = |d] |E| cos @

nd.bh =0 = |&”E‘CDSB >0

= cosf =0 [ Because|ad| and ‘3‘ are positive |

ﬂﬂﬂ@ﬂg

Hence d.b =0 whenﬂﬂﬁgg

The correct answer is (B).

Question 17:
Let @ and b be two unit vectors and 6 is the angle between them. Then a + b is a unit vector if
w o=2 ®o-3  © -3 o o=

Answer 17:

Let @ and b be two unit vectors and 6 be the angle between them
Then, |a| = ‘E| =1

—

Now, a + b is a unit vector if ‘Ei + E‘ =1
@+ b| =1
= (d + E)2=
= (@+ b).(@a+ b) =1
>dd+db+b.d+bb=1
— =
= |d|*+2db+ |b| =1
= 12 4 2|d||b|cos 8 +12 =1

1

= g = ——
COS >

o = = : 2T
Hence a + b is a unit vectorif 8 = i

The correct answer is (D).
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Question 18:

The value of i(f X k) + j(i x k) + k(I % J) is

(A) O (B) —1 (C) 1 (D) 3
Answer 18:

(P xk)+7(Exk)+k(@x])

=Li4+ (=) +k.k

=>1—-J.7+1

=1—-1+1=1

The correct answer is (C).

Question 19:

If B is the angle between any two vectors a and b then ‘c’i. E‘ = |Ei X E‘ when 0 is equal to
(4) 0 (B) ©) 3 (D)

Answer 19:
Let 0 be the angle between two vectors a and b

Then, without loss of generality @ and b are non-zero vectors, so that |d| and ‘E\ are positive |d. E| ld x E_::|

= IEI"”E‘ cos O = |&|‘E‘ sin 6

= cos O = sinb [|a| and ‘E‘ are positive]
= tan8 =1
6 T
= 0 =—
4
Hence, |r,'1’. E| = |Ei X E‘ when 0 is equal to E.

The correct answer is (B).
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